DEGENERATE LYAPUNOV FUNCTIONALS AND A PREY-PREDATOR MODEL WITH INFINITE DELAYS

XUE-ZHONG HE

School of Mathematics and Statistics The University of Sydney NSW 2006, Sydney Australia

Abstract. The effect of delays on the stability is one of the most fundamental problems in delay differential equations (DDEs). It is commonly believed that small delays are negligible for a stable DDEs, however, to have an affirmative answer is still difficult in general. In this paper, the asymptotic behavior of the classical Lotka-Volterra preypredator integrodifferential equations with infinite delays ẋ(t) = x(t) [ r1 �^∫ 1 0 f1(s)x(t � s) ds � a ∫ 1 0 f2(s)y(t � s) ds ] , ẏ(t) = y(t) [ � r2 + b^∫ 1 0 f3(s)x(t � s) ds ] is concerned by an approach of perturbation and degenerate Lyapunov functionals. We first show that all the positive solutions of the system is bounded above eventually. Then, by treating the system as a perturbation of the corresponding ODE system and constructing suitable degenerate Lyapunov functionals, we are able to obtain some sufficient conditions on the global attractivity of the positive equilibrium. As a corollary, we show that small delays do not change the stability of the system.

1991 Mathematics Subject Classification. 34D05, 34E10, 34K20, 45J05, 92A15, 92D25. Key words and phrases. Global attractivity, degenerate Lyapunov functionals, prey-predator model, infinite delays. 1

2 XUE-ZHONG HE

1. Introduction

As more realistic models of real systems, delay differential equations (DDEs) have played important roles in the history of theoretical population dynamics. One of the fundamental problems in DDEs is: what is the effect of delays on the stability of DDEs? It is commonly believed that samll delays are negligible for a stable DDEs. However, to have an affirmative answer for this belief and to get explicit estimate of the smallness of the delays are still very difficult problems in general.

It is well known that, for the classical autonomous Lotka-Volterra systems (without delays), its positive equilibrium (if any) is globally asymptotically stable if its community matrix satisfies some diagonal domination conditions (see Hofbauer and Sigmund [23] and Takeuchi [37]). A result of Goh [8] extends this result to allow a weaker hypothesis on the community matrix; that is the community matrix is VL-stable ( see Hofbauer and Sigmund [23] also). Recently, the global stability problem of Lotka-Volterra systems with various types of delays has been studied extensively (see, for example, two recent books by Gopalsamy [10] and Kuang [26]). Among the systems considered, they are basically of two types. One type of models contains delay-independent terms (see, for example Kuang [26, 28], Leung [32], Leung and Zhou [33], Shukla [35] and Wörz-Busekros [38]), which dominate other intraspecific and interspecific interaction effects (with and/or without delays); while the other type of models contains no such delay-independent dominated terms and we refer this type of systems as pure-delay-type ones (see, for example, Gopalsamy [9, 10], Gopalsamy and He [11], He [14, 15, 19, 16, 17], He and Gopalsamy [20, 21, 22], Kolmanovskii et.al. [25], Kuang [26, 27] and Kuang and Smith [29, 30]). In both cases, negative feedback terms (delay dependent or independent) are required and the standard Lyapunov function(al)s method and/or Razumikhin-type arguments can be used to study the global stability. For more details, we refer to [10, 15, 19, 26, 27, 28, 29, 30] for general Lotka-Volterra autonomous and nonautonomous systems, to [9, 10, 22, 26] for autonomous competition systems, to [11, 12, 14, 21, 34] for periodic and almost periodic competition systems, to [1, 19, 16, 17, 32, 33, 35, 36]) for prey-predator systems and to [20] for mutualism systems. In particular, it was shown (see He [19]) that for the general n-species autonomous Lotka-Volterra pure-delay-type systems with both finite and infinite delays, if the coefficient matrix is VL-stable (see Goh [8] and Hofbauer and Sigmund [23]) and if the delays are small, then the positive equilibrium (if any) remains globally attractive.

INFINITE DELAY PREY-PREDATOR MODEL 3

However, as pointed in [19], the assumption on the VL-stability of the coefficient matrix may not necessary and this is indeed the case for the following ODEs (1.1).

Consider the well-known classical autonomous Lotka-Volterra prey-pedrator system Ṅ_1 = N_1[b_1 − a_{11}N_1 − a_{12}N_2] Ṅ_2 = N_2[−b_2 + a_{21}N_1]

(1.1)

with b_i, a_{ij} > 0 (i, j = 1, 2). It is known that if the system has a positive equilibrium, say N^∗ = (N^∗_1 , N^∗_2 ), then it must be globally asymptotically stable. In order to account for time lag effects in this model, Cushing [5, 6] considered the following prey-predator integrodifferential system with infinitely distributed delays

Ṅ_1(t) = N_1(t) [ b_1 − a_{11} ∫_t −∞ k_{11}(t − s)N_1(s)ds − a_{12} ∫_t −∞ k_{12}(t − s)N_2(s)ds ]

Ṅ_2(t) = N_2(t) [ − b_2 + a_{21} ∫_t −∞ k_{21}(t − s)N_1(s)ds ] , (1.2)

where k_{ij}(t) ∈ C^o(R_+, R_+), k_{ij} ≥ 0, ∫_∞ 0 k_{ij}(t)dt = 1, b_i > 0, a_{ij} > 0 (i, j = 1, 2). As we known (see, for example, Cushing [5, 6, 7], Gopalsamy [9, 10], Huang et al. [24], Kuang [26], Leung [31, 32] and Stepan [36]) that, in general, the delays can complicated dynamics; equilibrium can be distabilized and periodic solutions may arise. For the system (1.2), it was shown (see Cushing [6]) that for ‘small delays’ the positive equilibrium N^∗ is locally stable while for ‘large delays’ the solutions tend to have divergent oscillations. However, the problems of whether or not ‘small delays’ can change the global asymptotical stability of the positive equilibrium N^∗ of the system (1.2) and, if not, how small the delays can be are still open. Indeed, these are highly formidable problems to work on. Note that the coefficient matrix for (1.1) is not VL-stable. Also, compared with the perivous two types of systems, the system (1.2) has no such negative feedback (even with delay) for the predator and this renders the traditional Lyapunov function(al)s and Lyapunov-Razumikhin methods useless. To solve the above open problem for the system (1.2), we need to develop new techniques and methods.

As a special case of (1.2), the following prey-predator system with different discrete delays Ṅ_1(t) = N_1(t)[b_1 − a_{11}N_1(t − τ_{11}) − a_{12}N_2(t − τ_{12})] Ṅ_2(t) = N_2(t)[−b_2 + a_{21}N_1(t − τ_{21})]

(1.3)

4 XUE-ZHONG HE

was considered in [18] by the author recently. In [18], we first introduce concepts of degenerate Lyapunov functionals and then, by constructing suitable degenerate Lyapunov functionals, we were able to obtain explicit conditions on the both local and global asymptotical stability of the positive equilibrium N^∗ of (1.3). As a corollary, we shown that for ‘small delays’ the positive equilibium of (1.3) remains globally asymptotically stable, which gives an affirmative answer to the above problem on the system (1.3). Moreover, our conditions lead to some explicit estimate of the smallness of the delays.

The purpose of this paper is to study the global attractivity of the positive equilibrium of system (1.2) and it is largely motivated by the above-mentioned work, in particular, by [18], where a constructive method on the degenerate Lyapunov functionals was indicated. The difference of the system (1.2) from the system (1.3) is that the delays are not finite. This makes the problem more difficult and hence leads to a more meticulous analysis on the construction of suitable degenerate Lyapunov functionals.

This paper is organised as follows. For convenience, we first include the concepts of degenerate Lyapunov functionals introduced in [18]. Then in section 3, we show that all the positive solutions of (1.2) are bounded above eventually and a bound estimate is indicated also. Section 4 contains our main results on the global attractivity of the positive equilibrium of the system. The results are established by an approach of perturbation and degenerate Lyapunov functionals. Our results show also that, under some conditions on the kernal functions, the positive equilibrium of (1.2) is globally attractive when delays are small (in the sense to be stated in section 4) and this gives an affermative answer to the above open problem for the system (1.2). Some remarks are included in the last section.

2. Degenerate Lyapunov functionals

Suppose that 0 ≤ r ≤ ∞ is given. If x : [σ − r, σ + A) → R^n, A > 0, is a given function, then for each t ∈ [s, σ + A), θ ∈ [−r, 0], we define, as usual, x_t(θ) = x(t + θ). It is understood here that [σ − r, σ + A) = (−∞, σ + A) if r = ∞.

It is well known that Lyapunov function(al)s method is often one of the most powerful and effective tools to establish both local (when the systems involve more than two delays, see, for example, Gopalsamy [10]) and global stability of delay differential equation

ẋ(t) = f(t, x_t), x_{to} = ϕ(s), (2.1)

INFINITE DELAY PREY-PREDATOR MODEL 5

where f : R × C → R^n is completely continuous and f(t, 0) = 0. Following the notations and definition in Hale and Verduyn Lunel [13], a functional V : R × C → R is called a Lyapunov functional for (2.1) if V satisfies (i) u(|ϕ(0)|) ≤ V (t, ϕ) ≤ v(‖ϕ‖); (ii) V̇ (t, ϕ)|_{(2.1)} ≤ −w(|ϕ(0)|), where u(s), v(s), w(s) : R_+ → R_+ are continuous and nondecreasing, u(s) > 0, v(s) > 0 for s > 0 and u(0) = v(0) = w(0) = 0. It is known (see Theorem 5.2.1, Hale and Verduyn Lunel [13]) that the existence of such Lyapunov functional implies the uniform stability of x = 0. If, in addition, u(s) → ∞ as s → ∞, then solutions of (2.1) are uniformly bounded. On the other hand, if, in addition to (i) and (ii), w(s) > 0 for s > 0, then x = 0 is uniformly asymptotically stable. For more references on the Lyapunov functional method and various generalizations, we refer to Burton [2, 3, 4], Hale and Verduyn Lunel [13], Yoshizawa [39], Zhang [40] and the references cited there.

The concept of degenerate Lyapunov functionals was first introduced by Gopalsamy [9] when he considered the asymptotical stability of the trivial solution of the following nonautonomous linear delay system

ẋ_i(t) + 2∑ j=1 a_{ij}(t)x_j(t − τ_{ij} ) = 0, i = 1, 2. (2.2)

As pointed in [9], it is usually difficult to find or construct Lyapunov function(al)s with negative definite rates of change along the solutions of the systems considered. Also, the approach of a combination of an invariance principle and Razumikhin-type arguments appears quite difficult in applications to equations such as Lotka-Volterra system. To overcome these difficult, Gopalsamy [9] used a functional V (x_1, x_2) = (V_1 + V_2)(x_1, x_2) with

V_1(x_1, x_2) = 2∑ i=1 [ x_i(t) + 2∑ j=1 ∫_t t−τ_{ij} a_{ij}(s + τ_{ij} )x_j(s)ds ]_2 (2.3)

and some V_2(x_1, x_2) ≥ 0. With the help of such functional and Barbalat’s lemma (see Lemma 3.1 in section 3), he was able to derive the asymptotic stability of (2.2). As an application, he obtained some sufficient conditions for the global asymptotic stability of

6 XUE-ZHONG HE

the positive equilibrium of the competition delay system

Ṅ_i(t) = N_1(t) [ r_i − 2∑ j=1 b_{ij}N_j(t − τ_{ij}) ] , i = 1, 2. (2.4)

(We refer to He [19] and He and Gopalsamy [22] for the further generalization on the system (2.4)). One can see that the functional defined by (2.3) does not satisfy the condition (i) of the Lyapunov functional defined above and this type of functionals was called a “degenerate” Lyapunov functional in Gopalsamy [9].

On the other hand, as a special case of (1.3), the global stability of the delay system Ṅ_1(t) = N_1(t)[r_1 − aN_1(t) − bN_2(t − τ )] Ṅ_2(t) = N_2(t)[−r_2 + cN_1(t − σ)]

(2.5)

was considered recently (see He [19]). By assuming (2.5) has a positive equilibrium N^∗ = (N^∗_1 , N^∗_2 ) and constructing a function V satisfying (i) and V̇ (N_1, N_2) ≤ −α[N_1(t) − N^∗_1 ]^2 (2.6)

for all large t, small delays τ and σ and some positive constant α, we were able to derive the global attractivity of N^∗. Noting that there is no negative term on [N_2(t) − N^∗_2 ]^2 in (2.6) and hence this functional does not fit the condition (ii) of the Lyapunov functional defined above.

Motivated by the above observation, we introduced in [18] the following definition on the degenerate Lyapunov functionals.

Definition 2.1. A functional V : R × C → R is called a weakly degenerate Lyapunov function for (2.1) if for all large t (say t ≥ T for some T > 0)

(a) there exists a continuous and nondecreasing function v(s) : R_+ → R_+ with v(0) = 0 and v(s) > 0 for s > 0 such that 0 ≤ V (t, ϕ) ≤ v(‖ϕ‖);

(b) there exists a continuous and nondecreasing function w(s) : R_+ → R_+ with w(0) = 0 and w(s) > 0 for s > 0 such that V̇ (t, ϕ) ≤ −w(|ϕ(0)|). If, instead of (b),

(b1) there exists a continuous and nondecreasing function w(s) : R^m_+ → R_+ with m < n, w(0) = 0 and w(s_1, · · · , s_m) > 0 for (s_1, · · · , s_m) ≠ 0 such that V̇ (t, ϕ) ≤ −w(ϕ_1(0), · · · , ϕ_m(0)), then such functional V is called a strongly degenerate Lyapunov functional for (2.1).

INFINITE DELAY PREY-PREDATOR MODEL 7

Existence of degenerate Lyapunov functionals implies that w(|ϕ(0)|) ∈ L_1[T, ∞) in the first case and w(ϕ_1(0), · · · , ϕ_m(0)) ∈ L_1[T, ∞) in the second case. Then, with the help of the functionals constructed and the equations themselves, it is possible to examinate the uniform continuity of the solutions. Once this is confirmed, one can apply Barbalat’s lemmas (Lemmas 1.2.2, 1.2.3, Gopalsamy [10]) to conclude the desired asymptotic behaviour. However, as we may have realized, the difficulty is how to construct suitable degenerate Lyapunov functionals. Quite often, the Lyapunov functions of the corresponding ODEs are very useful (as we will see in section 4). In this paper, to study the stability of the positive equilibrium of (1.2), we propose an effective technique to construct the required degenerate Lyapunov functionals when the system involves infinite delays. The construction will be carried on step by step so that one can see the basic idea and method to follow.

3. Preliminaries and boundedness

In the following sections we shall consider the system (1.2). For convenience, we rescale the variables in (1.2) and consider the following system ẋ(t) = x(t) [ r_1 − ∫_∞ 0 f_1(s)x(t − s) ds − a ∫_∞ 0 f_2(s)y(t − s) ds ]

ẏ(t) = y(t) [ − r_2 + b ∫_∞ 0 f_2(s)x(t − s) ds ] . (3.1)

As in Cushing [5, 6], we always assume that a, b, r_1 and r_2 are positive constants, f_i(s) ∈ C^0(R_+) are bounded functions satisfying

r_1b > r_2, f_i(·) ≥ 0, ∫_∞ 0 f_i(s) ds = 1, ∫_∞ 0 sf_i(s) ds < ∞ (i = 1, 2, 3). (3.2)

It is easy to see that, under (3.2), the system (3.1) has a unique positive equilibrium (x^∗, y^∗) with x^∗ = r_2 b , y^∗ = r_1b − r_2 ab . As usual, we define the average time delays as T_{fi} = ∫_∞ 0 sf_i(s) ds (i = 1, 2, 3). (3.3)

From the biological backgrand of the system (3.1), it is natural to seek solutions of (3.1) corresponding to nonnegative initial data belonging to the Banach space

BC = {ϕ = (ϕ_1, ϕ_2) ∈ C((−∞, 0], R^2) : ‖ϕ‖_∞ = sup_{s≤0} [|ϕ_1(s)| + |ϕ_2(s)|] < ∞}.

8 XUE-ZHONG HE

Hence we always assume the associated initial conditions satisfy (x(s), y(t)) = ϕ(s) = (ϕ_1(s), ϕ_2(s)) ≥ 0 for s ≤ 0, ϕ_i(0) > 0 (i = 1, 2) and ϕ ∈ BS.

(3.4)

For more detailed biological explanation on the system (3.1), we refer to Cushing [5].

The following lemmas will be useful for our discussion. The first lemma is known as Barbalat’s lemma. The proof of the second one is easy and we omit it.

Lemma 3.1 (Gopalsamy [10], Lemma 1.2.2). Let f be a nonnegative function defined on [0, ∞) such that f is integrable on [0, ∞) and uniformly continuous on [0, ∞). Then f(t) → 0 as t → ∞.

Lemma 3.2. Let f : R → R be a bounded continuous function and g : [0, ∞) → [0, ∞) satisfying ∫_∞ 0 g(s) ds = 1. If lim sup_{t→∞} f(t) = α, then lim sup_{t→∞} ∫_∞ 0 g(s)f(t − s) ds ≤ α. Our first result is devoted to the boundedness of the positive solutions of the system (3.1). We show that all the positive solutions of (3.1) are bounded above eventually. In addition, an estimate of the ultimate upper bound of the solutions is established.

Theorem 3.1. Let (x(t), y(t)) be a solution of (3.1) and (3.4). Then (x(t), y(t)) > 0 for all t ≥ 0 and

lim sup t→∞ x(t) ≤ M_1 = r_1 ∫_∞ 0 f_1(s)e^{−r1s}ds . (3.5)

Furthermore, for any 0 < δ (small enough), there exists a 0 < T̃ such that

y(t) ≤ M_2 =

(r_1 + δ) −^1_b (r_2 − δ) ∫_∞ 0 f_1(s)e^{−r1s} ds a ( ∫_∞ 0 f_2(s)e^{−p(ϵo)s} ds − δ ) exp[p(ϵ_o)T̃ ] (3.6)

for all large t with p(ϵ_o) = −r_2 + b(M_1 + ϵ_o) and some ϵ_o > 0.

Proof. The positivity of the solution (x(t), y(t)) follows from (3.1) and (3.4) immediately. It then follows from the first equation of (3.1) that ẋ(t) ≤ x(t) [ r_1 − ∫_∞ 0 f_1(s)x(t − s) ds ] . (3.7)

From (3.7) and Theorem 2.1 in Gopalsamy and He [12], we have (3.5).

For a given small ϵ_0 > 0, it is found from (3.5) that there exists a T_1 > 0 such that

x(t) ≤ M_1 + ϵ_0 for t ≥ T_1. (3.8)

INFINITE DELAY PREY-PREDATOR MODEL 9

This, together with the boundedness of the initial function ϕ_1(s), implies that

x(t) ≤ m for t ∈ R and some 0 < m < ∞. (3.9)

From (3.7), ẋ(t) ≤ r_1x(t) for all t ≥ 0, which leads to x(t − s) ≥ e^{−r1s}x(t), t ≥ s ≥ 0. (3.10) Also, using Lemma 3.2, we know from (3.5), (3.9) and (3.1) that there exists a T_2 ≥ T_1 such that

ẏ(t) ≤ y(t)[−r_2 + b(M_1 + ϵ_0)] = p(ϵ_o)y(t) for t ≥ T_2 (3.11)

with p(ϵ_o) = −r_2 + b(M_1 + ϵ_o) ≥ p(0) = −r_2 + bM_1 > 0. By (3.11), y(t − s) ≥ y(t)e^{−p(ϵo)s} for t ≥ s ≥ T_2. (3.12) It then follows from (3.1), (3.10) and (3.12) that for t > T_2 ẋ(t) ≤ x(t) [ r_1 − ∫_t 0 f_1(s)x(t − s) ds − a ∫_{t−T2} 0 f_2(s)y(t − s) ds ]

≤ x(t) [ r_1 − ( ∫_t 0 f_1(s)e^{−r1s} ds ) x(t) − a ( ∫_{t−T2} 0 f_2(s)e^{−p(ϵo)s} ds ) y(t) ] .(3.13)

Noting lim_{t→∞} ∫_∞ t f_1(s)e^{−r1s}ds = lim_{t→∞} ∫_∞ t−T2 f_2(s)e^{−p(ϵo)} ds = 0, for 0 < δ < min{r_2, ∫_∞ 0 f_1(s)e^{−r1s} ds, ∫_∞ 0 f_2(s)e^{−p(ϵo)s} ds}, there exists a T_3 ≥ T_2 such that for t ≥ T_3 ẋ(t) ≤ x(t) [ r_1 − ( ∫_∞ 0 f_1(s)e^{−r1s} ds − δ M_1 + ϵ_o ) x(t) −a ( ∫_∞ 0 f_2(s)e^{−p(ϵo)s} ds − δ ) y(t) ]

≤ x(t) [ (r_1 + δ) − ( ∫_∞ 0 f_1(s)e^{−r1s} ds ) x(t) −a ( ∫_∞ 0 f_2(s)e^{−p(ϵo)s} ds − δ ) y(t) ] . (3.14)

Denote y_o =^1_b (r_2 − δ) and M = (r_1 + δ) −^1_b (r_2 − δ) ∫_∞ 0 f_1(s)e^{−r1s} ds a ( ∫_∞ 0 f_2(s)e^{−p(ϵo)s} ds − δ ) . (3.15)

10 XUE-ZHONG HE

Obviousely, y_0 > 0, M > 0. For this M, the solution y(t) is either oscillatory about M or not eventually.

Case (i). y(t) does not oscillate about M eventually; that is, there exists a T_4 > T_3 such that either y(t) ≤ M or y(t) > M for t ≥ T_4. We claim in this case that y(t) is bounded above by M eventually. Otherwise, y(t) > M for t ≥ T_4. It follows from (3.14) that for t ≥ T_4 ẋ(t) ≤ x(t) [ (r_1 + δ) − a ( ∫_∞ 0 f_2(s)e^{−p(ϵo)s} ds − δ ) M − ( ∫_∞ 0 f_1(s)e^{−r1s} ds ) x(t) ] . (3.16)

It turns out from (3.16) that for t > T_4

lim sup t→∞ x(t) ≤ (r_1 + δ) − a ( ∫_∞ 0 f_2(s)e^{−p(ϵo)s} ds − δ ) M ∫_∞ 0 f_1(s)e^{−r1s} ds = y_o. For δ/(2b), using Lemma 3.2, we know that there exists a T_5 ≥ T_4 such that ∫_∞ 0 f_3(s)x(t − s) ds ≤ y_o + δ 2b for t ≥ T_5.

This, together with (3.1), implies

ẏ(t) ≤ [−r_2 + b(y_o + δ 2b )]y(t) = − δ 2 y(t) (3.17)

for t ≥ T_5. This leads to y(t) → 0 as t → ∞ which contradicts y(t) > M for all large t. This shows that, if y(t) does not oscillate about M eventually, y(t) must be bounded above by M eventually.

Case (ii). y(t) oscillates about M eventually. From ∫_∞ t f_3(s) ds → 0 as t → ∞, we know that for^δ_{4bm} , there exists T̃ such that ∫_{∞~} T f_3(s) ds <^δ_{4bm} . Denote M_2 = Me^{p(ϵo)T̃} . We claim that, in this case, y(t) is bounded above by M_2 eventually. Otherwise, for t ≥ T_3, there must exist two sequences {s_n} and {t_n} satisfying T_3 < s_n < t_n < s_{n+1} such that

y(s_n) = M, y(t_n) = M_2, ẏ(t_n) ≥ 0 and y(t) ≥ M for t ∈ [s_n, t_n].

It is found from (3.12) that t_n − s_n ≥ 1 p(ϵ_o) ln y(t_n) y(s_n) = T̃ .

INFINITE DELAY PREY-PREDATOR MODEL 11

Note that for t ∈ [s_n, t_n], y(t) ≥ M. Hence, as shown in case (i), there exists an n_o satisfying s_n > T̃ for n ≥ n_o such that x(t) ≤ y_o +^δ_{2b} for t ∈ [s_n, t_n] and n ≥ n_o. This, together with (3.1), implies

ẏ(t_n) = y(t_n) [ − r_2 + b ∫~_T 0 f_3(s)x(t_n − s) ds + b ∫_∞ T̃ f_3(s)x(t_n − s) ds ]

≤ y(t_n)[−r_2 + b(y_o + δ 2b ) + bm δ 4bm ] = − δ 4 y(t_n) < 0

This contradicts ẏ(t_n) ≥ 0. Noting that M < M_2. Thus y(t) is bounded above eventually by M_2. This completes the proof.

Remark 1. One can see from the proof of Theorem 3.1 that, in general, T̃ is depended on the solution. When the kernel function f_3 has a distribution on a finite interval, say f_3(t) staisfies f_3(s) ≥ 0 for s ∈ [0, γ] and f_3(s) = 0 for s > γ, then, for any positive solutions of the system (3.1), one can always choose T̃ = γ. Then, letting ϵ_0 → 0, δ → 0, we have

lim sup t→∞ y(t) ≤ M̃_2 = r_1b − r_2 ∫_∞ 0 f_1(s)e^{−r1s} ds ab ∫_∞ 0 f_2(s) exp[(r_2 − bM_1)s] ds e^{(−r2+bM1)γ}. Therefore, all the positive solutions of (3.1) are uniformly ultimately bounded above by (M_1, M̃_2). However, how to find an ultimate uniform upper bound on the solutions y(t) for the general kernal function f_3(s) is still an interesting problem.

4. Global attractivity

In this section, we consider the global asymptotical behavior of the positive solutions of (3.1). Even though the system (3.1) is a much simplified model and its local stability and bifurcation problem has been studied extensively (see, for example, Cushing [5]), as we will see in this section, the global asymptotic behavior of the system is still a problem of formidable complexity. However, our tractable analysis does give some of the ideas on the construction of degenerate Lyapunov functionals. We will show that, under the assumption (3.2) and some conditions, the positive equilibrium of the system (3.1) attracts the positive solutions of the system.

The construction of degenerate Lyapunov functionals is motivated by the following simple observation. Let (x(t), y(t)) be the positive solution of (3.1) and (x^∗, y^∗) be the unique positive equilibrium of (3.1). Denote u(t) = ln x(t) x^∗ , v(t) = ln y(t) y^∗ . (4.1)

12 XUE-ZHONG HE

Then w(t) = (u(t), v(t)) satisfies u̇(t) = −x^∗ ∫_∞ 0 f_1(s)[e^{u(t−s)} − 1] ds − ay^∗ ∫_∞ 0 f_2(s)[e^{v(t−s)} − 1] ds v̇(t) = bx^∗ ∫_∞ 0 f_3(s)[e^{u(t−s)} − 1] ds. (4.2)

Then the corresponding ODE system of (4.2) (without delays) has the form { u̇(t) = −x^∗[e^{u(t)} − 1] − ay^∗[e^{v(t)} − 1] v̇(t) = bx^∗[e^{u(t)} − 1].

(4.3)

Let P_1(u) = ∫_u 0 [e^s − 1] ds and P_2(v) = ∫_v 0 [e^s − 1] ds. Then P_i(s) > 0 for s ≠ 0 and P_i(0) = 0 (i = 1, 2). Along the solutions of (4.3), we have

Ṗ_1(u) = −x^∗[e^{u(t)} − 1]^2 + ay^∗[e^{u(t)} − 1][e^{v(t)} − 1], Ṗ_2(v) = bx^∗[e^{u(t)} − 1][e^{v(t)} − 1].

Then for P (u, v) = ay^∗P_1(u) + bx^∗P_2(v) Ṗ (u(t), v(t)) = −ax^∗y^∗[e^{u(t)} − 1]^2. (4.4)

This, together with La Salle’s invariance principle, leads to (u(t), v(t)) → (0, 0) as t → ∞, that is (x^∗, y^∗) attracts all the positive solutions of (4.3). Note that, in (4.4), there is no negative term for [e^{v(t)} − 1]^2, which makes hard to use stardand Lyapunov functionals method to study the global attractivity of the corresponding delay systems. Basically, in the following discussion, we will treat (4.2) as a perturbation (in terms of delays) of the ODE system (4.3) and develop a tractable technique on the construction of degenerate Lyapunov functionals which have the properties of Ṗ_1, Ṗ_2 and P in (4.4).

Due to the complexity of the following analysis, we first consider a special case of the system (3.1) ẋ(t) = x(t) [ r_1 − x(t) − a ∫_∞ 0 f_2(s)y(t − s) ds ]

ẏ(t) = y(t) [ − r_2 + b ∫_∞ 0 f_3(s)x(t − s) ds ] . (4.5)

We will see that, comparing with the system (3.1), the construction of the required degenerate Lyapunov functionals for the system (4.5) is simpler, although some meticulous estimates will be needed, while in Theorem 4.2, we will pay more attention to the construction of degenerate Lyapunov functionals for the system (3.1), instead of the detailed estaimtes.

INFINITE DELAY PREY-PREDATOR MODEL 13

Theorem 4.1. Assume that t^2f_2(t), t^2f_3(t) ∈ L_1[0, ∞). Let (x(t), y(t)) be a solution of (4.5) and (3.4). If abM_2[T_{f2} + e^βT_{f3} ] < 1 (4.6) with β = bM_1T_{f3} and M_1, M_2 defined by Theorem 3.1, then lim_{t→∞}(x(t), y(t)) = (x^∗, y^∗). Proof. Let (x(t), y(t)) be the positive solution of (4.5) and (3.4). For a sufficiently small ϵ > 0 (to be selected), we have from Theorem 3.1 that there exists a T > 0 such that x(t) ≤ M_1 + ϵ, y(t) ≤ M_2 + ϵ for t ≥ T (4.7) with M_1 and M_2 defined by Theorem 3.1. Let w(t) = (u(t), v(t)) be defined by (4.1). Then it satisfies u̇(t) = −x^∗[e^{u(t)} − 1] − ay^∗ ∫_∞ 0 f_2(s)[e^{v(t−s)} − 1] ds v̇(t) = bx^∗ ∫_∞ 0 f_3(s)[e^{u(t−s)} − 1] ds. (4.8)

As a perturbation of ODE system (4.3), we rewrite (4.8) in the form

u̇(t) = −x^∗[e^{u(t)} − 1] − ay^∗[e^{v(t)} − 1] + ay^∗ ∫_∞ 0 f_2(s)[e^{v(t)} − e^{v(t−s)}] ds d dt [ v(t) + bx^∗ ∫_∞ 0 f_3(s) ∫_t t−s [e^{u(p)} − 1] dp ds ] = bx^∗[e^{u(t)} − 1].

(4.9)

Define V_1(u) = ∫_u 0 [e^s − 1]ds. (4.10) Then, along the solution w(t) = (u(t), v(t)),

V̇_1(u(t)) = [e^{u(t)} − 1]u̇(t) = −x^∗[e^{u(t)} − 1]^2 − ay^∗[e^{u(t)} − 1][e^{v(t)} − 1] + J_1(w_t), (4.11) where J_1(w_t) = ay^∗[e^{u(t)} − 1] ∫_∞ 0 f_2(s)[e^{v(t)} − e^{v(t−s)}] ds. (4.12) Considering the defferentiability of the solution, we can split J_1 so that J_1(w_t) = J_2(w_t) + J_3(w_t) (4.13)

14 XUE-ZHONG HE

with J_2(w_t) = ay^∗[e^{u(t)} − 1] ∫_t 0 f_2(s) ∫_t t−s e^{v(p)}v̇(p)dpds (4.14) and J_3(w_t) = ay^∗[e^{u(t)} − 1] ∫_∞ t f_2(s)[e^{v(t)} − e^{v(t−s)}] ds. (4.15) From (4.15) and (4.1), we have J_3(w_t) ≤ 1 x^∗ |x(t) − x^∗|[y(t) + |ϕ_2|_∞] ∫_∞ t f_2(s)ds, (4.16) where we denote |ϕ|_∞ = sup_{s≤0} |ϕ(s)| for ϕ : (−∞, 0] → R. For J_2, using (4.8) and inequality αβ ≤^1_2 [α^2 + β^2], we have

J_2(u_t, v_t) = abx^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} ∫_∞ 0 f_3(q)[e^{u(p−q)} − 1] dq dp ds ≤ 1 2 abx^∗y^∗ {( ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} dp ds ) [e^{u(t)} − 1]^2 + ∫_∞ 0 f_2(s) ∫_t t−s e^{v(p)} ∫_∞ 0 f_3(q)[e^{u(p−q)} − 1]^2 dq dp ds } . We now define

V_2(w_t) =^1_2 abx^∗y^∗ { ∫_∞ 0 f_2(s) ∫_t t−s ∫_t ℓ e^{v(p)} ∫_∞ 0 f_3(q)[e^{u(p−q)} − 1]^2 dq dp dℓ ds +T_{f2} ∫_∞ 0 f_3(s) ( ∫_t t−s e^{v(p+s)}[e^{u(p)} − 1]^2 dp ) ds } . (4.17) By the boundedness of the solution and the assumption t^2f_2(t) ∈ L_1[0, ∞), one can see that V_2 ≥ 0 is well defined. With this V_2, one can verify that (J_2 + V̇_2)(w_t) ≤^1_2 abx^∗y^∗ [ ( ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} dp ds )

+T_{f2} ( ∫_∞ 0 f_3(s)e^{v(t+s)} ds )] [e^{u(t)} − 1]^2. (4.18) It then follows from (4.11)-(4.18) that d dt [V_1 + V_2](w_t) ≤ −x^∗[e^{u(t)} − 1]^2 − ay^∗[e^{u(t)} − 1][e^{v(t)} − 1] +B(t)[e^{u(t)} − 1]^2 + J_3(w_t), (4.19)

INFINITE DELAY PREY-PREDATOR MODEL 15

where B(t) = 1 2 abx^∗y^∗ [( ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} dp ds ) + T_{f2} ( ∫_∞ 0 f_3(s)e^{v(t+s)} ds )] . (4.20)

Noting that for t > T ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} dp ds = 1 y^∗ [ ∫_{t−T} 0 f_2(s) ∫_t t−s y(p) dp ds + ∫_t t−T f_2(s) ∫_t t−s y(p) dp ds ]

≤ 1 y^∗ [ (M_2 + ϵ) ∫_∞ 0 sf_2(s) ds + ( sup_{s∈[0,t]} y(s) ) ∫^t t−T sf_2(s) ds ] (4.21) and ∫_∞ 0 f_3(s)e^{v(t+s)} ds ≤ 1 y^∗ (M_2 + ϵ). (4.22)

Then, using the boundedness of y(t) and the assumption that sf_2(s) ∈ L_1[0, ∞), we know that there exists T_1 ≥ T such that sup_{s∈[0,t]} y(s) ∫_t t−T sf_2(s) ds < 2ϵ for t > T_1 and hence

B(t) ≤ abx^∗[T_{f2} (M_2 + ϵ) + ϵ] for t > T_1. (4.23)

Therefore, for t > T_1, d dt [V_1 + V_2](w_t) ≤ − x^∗[e^{u(t)} − 1]^2 − ay^∗[e^{u(t)} − 1][e^{v(t)} − 1]

+ abx^∗[T_{f2}(M_2 + ϵ) + ϵ][e^{u(t)} − 1]^2 + J_3(w_t),

(4.24)

On the other hand, let z(t) = v(t) + bx^∗ ∫_∞ 0 f_3(s) ∫_t t−s [e^{u(p)} − 1] dp ds and W_1(z) = ∫_z 0 [e^s − 1] ds. Obviousely, W_1 is well defined and W_1(z) ≥ 0. It then follows from the second equation of (4.9) that

Ẇ_1(w_t) = bx^∗[e^{z(t)} − 1][e^{u(t)} − 1]

= bx^∗[e^{u(t)} − 1][e^{v(t)} − 1] + bx^∗[e^{u(t)} − 1][e^{z(t)} − e^{v(t)}]. (4.25)

16 XUE-ZHONG HE

Using the mean value theorem, there exists β(t) lies between 0 and bx^∗ ∫_∞ 0 f_3(s) ∫_t t−s[e^{u(p)} − 1] dp ds such that e^{z(t)} − e^{v(t)} = e^{v(t)}e^{β(t)}bx^∗ ∫_∞ 0 f_3(s) ∫_t t−s [e^{u(p)} − 1] dp ds. Note that β(t) ≤ bx^∗ ∫_∞ 0 f_3(s) ∫_t t−s |e^{u(p)} − 1| dp ds ≤ b max{x^∗T_{f3}, ∫_∞ 0 f_3(s) ∫_t t−s x(p) dp ds}. (4.26) Also, from the boundedness of the solution and f_3 ∈ L_1[0, ∞), there exists a T_2 ≥ 2T_1 such that for t > T_2, ∫_∞ 0 f_3(s) ∫_t t−s x(p) dp ds = ∫_{T2} 0 f_3(s) ∫_t t−s x(p) dp ds + ∫_∞ T2 f_3(s) ∫_t t−s x(p) dp ds ≤ (M_1 + ϵ)T_{f3} + ( sup_{s≤t}x(s) ) ∫^∞ T2 sf_3(s) ds ≤ (M_1 + ϵ)T_{f3} + ϵ. (4.27) Hence for t > T_2 β(t) ≤ b[(M_1 + ϵ)T_{f3} + ϵ] = β + b(1 + T_{f3} )ϵ with β = bM_1T_{f3} . Thus for t > T_2

Ẇ_1(w_t) = bx^∗[e^{u(t)} − 1][e^{v(t)} − 1] +(bx^∗)^2[e^{u(t)} − 1]e^{v(t)}e^{β(t)} ∫_∞ 0 f_3(s) ∫_t t−s [e^{u(p)} − 1] dp ds ≤ bx^∗[e^{u(t)} − 1][e^{v(t)} − 1] + 1 2 (bx^∗)^2e^{v(t)}e^{β(t)} ∫_∞ 0 f_3(s) ∫_t t−s ( [e^{u(t)} − 1]^2 + [e^{u(p)} − 1]^2 ) dp ds ≤ bx^∗[e^{u(t)} − 1][e^{v(t)} − 1] + 1 2 (bx^∗)^2

M_2 + ϵ y^∗ e^{β+b(1+Tf3 )ϵ} × ( T_{f3} [e^{u(t)} − 1]^2 + ∫_∞ 0 f_3(s) ∫_t t−s [e^{u(p)} − 1]^2 dp ds ) . Define W (w_t) = (W_1 + W_2)(w_t) (4.28)

INFINITE DELAY PREY-PREDATOR MODEL 17

with

W_2(w_t) = 1 2 (bx^∗)^2

M_2 + ϵ y^∗ e^{β+b(1+Tf3)ϵ} ∫_∞ 0 f_3(s) ∫_t t−s ∫_t p [e^{u(p)} − 1]^2 dp dq ds One can check that, under the assumption t^2f_3(t) ∈ L_1[0, ∞), W_2 is well defined and also

Ẇ (w_t) ≤ bx^∗[e^{u(t)} − 1][e^{v(t)} − 1] + (bx^∗)^2 M^2 + ϵ y^∗ e^{β+b(1+Tf3)ϵ}T_{f3} [e^{u(t)} − 1]^2 (4.29)

for t > T_2.

Finally, we define

H(w_t) = bx^∗(V_1 + V_2)(w_t) + ay^∗W (w_t). (4.30)

It follows from (4.30), (4.24) and (4.29) that for t > T_2 Ḣ(w_t) ≤ −b[1 − α(ϵ)][x(t) − x^∗]^2 + bx^∗J_3(t), (4.31)

where α(ϵ) = ab[(M_2 + ϵ)(T_{f2} + e^{β+b(1+Tf3 )ϵ}T_{f3} ) + ϵ].

From the assumption (4.6), α(0) < 1 and hence there exists a sufficiently small ϵ > 0 such that α(ϵ) < 1. We now integrate (4.31) from T_2 to t > T_2,

H(w_t) + b[1 − α(ϵ)] ∫_t T2 [x(s) − x^∗]^2 ds ≤ H(w_{T2} ) + bx^∗ ∫_t T2 J_3(s) ds. (4.32)

Note that ∫_t T2 ∫_∞ s f_2(p) dp ds ≤ ∫_∞ 0 sf_2(s)ds = T_{f2} , it follows from (4.16) and the boundedness of the solution and the initial function that J_3(w_t) ∈ L[T_1, ∞). This, together with (4.32) and the nonnegativity of H, implies that [x(t) − x^∗]^2 ∈ L_1[T_2, ∞). It follows from the boundedness of the solution and (4.5) that both ẋ(t) and ẏ(t) are bounded and hence x(t) and y(t) are uniformly continuous. Since [x(t) − x^∗]^2 ∈ L_1[T_2, ∞), one can use Lemma 3.1 to conclude that x(t) → x^∗ as t → ∞. One can also show that [y(t) − y^∗]^2 ∈ L_1[T_2, ∞), so once again we have y(t) → y^∗ as t → ∞. The proof of [y(t) − y^∗]^2 ∈ L_1[T_2, ∞) can be found in the appendix. This completes the proof.

Remark 2. As we know that T_{fi} (i = 1, 2, 3) measure the sizes of delays. It is easy to see that (4.6) holds when T_{f2} and T_{f3} are small enough. This implies the following corollary on the global attractivity of the positive equilibrium when the delays are small enough. It is in this sense that the small delays do not change the global attractivity of the positive equilibrium of the system (4.5).

18 XUE-ZHONG HE

Corollary 4.1. Assume that t^2f_2(t), t^2f_3(t) ∈ L_1[0, ∞). Then the positive equilibrium of (4.5) is globally attractive provided T_{f2} and T_{f3} are sufficiently small.

Now we consider the system (3.1). The following result can be treated as a generalisation of the previous Theorem 4.1.

Theorem 4.2. Let T^∗_{f1} = ∫_∞ 0 s^2f_1(s) ds, T^∗_{f2} =^1_{r2} ∫_∞ 0 f_2(s)[e^{r2s}−1] ds and T^∗_{f3} = ∫_∞ 0 s^2f_3(s) ds.

Assume that T^∗_{fi} < ∞ (i = 1, 2, 3). Let (x(t), y(t)) be a solution of (3.1) and (3.4). If

(M_1 + aM_2)T_{f1} + abM_2 [ T_{f2} +(1 + x^∗T_{f1} )e^βT_{f3} + 1 2 M_1(T_{f2} + T^∗_{f2} )T_{f1} + 3 4 x^∗T^∗_{f1} ] < 1 (4.33)

with β = bM_1T_{f3} and M_1, M_2 defined by Theorem 3.1, then lim_{t→∞}(x(t), y(t)) = (x^∗, y^∗). Proof. Let (x(t), y(t)) be the positive solution of (3.1) and (3.4) and w(t) = (u(t), v(t)) be defined by (4.1). Then w(t) satisfies (4.2). Also, for a sufficiently small ϵ > 0 (to be selected), (4.7) holds.

As a perturbation of ODE system (4.3), we rewrite (4.2) in the form

u̇(t) = −x^∗[e^{u(t)} − 1] − ay^∗[e^{v(t)} − 1] + x^∗ ∫_∞ 0 f_1(s)[e^{u(t)} − e^{u(t−s)}] ds + ay^∗ ∫_∞ 0 f_2(s)[e^{v(t)} − e^{v(t−s)}] ds d dt [ v(t) + bx^∗ ∫_∞ 0 f_3(s) ∫_t t−s [e^{u(p)} − 1] dp ds ] = bx^∗[e^{u(t)} − 1].

(4.34)

Let V_1 be defined by (4.10). Then, following from the argument in (4.11)- (4.16), we have the following claim.

Claim 1. Along the solution w(t),

V̇_1(u(t)) = −x^∗[e^{u(t)} − 1]^2 − ay^∗[e^{u(t)} − 1][e^{v(t)} − 1] + (I_1 + I_2 + I_3)(w_t), (4.35)

where

I_1(u_t, v_t) =x^∗[e^{u(t)} − 1] ∫_∞ t f_1(s)[e^{u(t)} − e^{u(t−s)}] ds + ay^∗[e^{u(t)} − 1] ∫_∞ t f_2(s)[e^{v(t)} − e^{v(t−s)}] ds, (4.36)

INFINITE DELAY PREY-PREDATOR MODEL 19

I_2(u_t, v_t) = ay^∗[e^{u(t)} − 1] ∫_t 0 f_2(s) ∫_t t−s e^{v(p)}v̇(p)dpds (4.37) and I_3(u_t, v_t) = x^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)}u̇(p)dpds. (4.38) Also, I_1(w_t) ≤ 1 x^∗ |x(t) − x^∗|[x(t) + |ϕ_1|_∞] ∫_∞ t f_1(s)ds + 1 x^∗ |x(t) − x^∗|[y(t) + |ϕ_2|_∞] ∫_∞ t f_2(s)ds. (4.39)

From (4.14), (4.17) and (4.18), we have shown the following claim 2. Claim 2. Let V_2 be defined by (4.17). Then along the solution (I_2 + V̇_2)(w_t) ≤ B(t)[e^{u(t)} − 1]^2 with B(t) defined by (4.20).

Now we turn to I_3. Using the first equation in (4.2), we have I_3(w_t) = x^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ( − x^∗ ∫_∞ 0 f_1(q)[e^{u(p−q)} − 1] dq −ay^∗ ∫_∞ 0 f_2(q)[e^{v(p−q)} − 1] dq ) dp ds. (4.40) Claim 3. Let I_3(w_t) = (I_4 + I_5)(w_t) with

I_4(w_t) = −(x^∗)^2[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_∞ 0 f_1(q)[e^{u(p−q)} − 1] dq dp ds (4.41) and I_5(w_t) = −ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_∞ 0 f_2(q)[e^{v(p−q)} − 1] dq dp ds. (4.42) Then there exists a nonnegative functional V_3(w_t) such that (I_4 + V̇_3)(w_t) ≤^1_2 (x^∗)^2 [ ( ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} dp ds )

+T_{f1} ( ∫_∞ 0 f_1(s)e^{u(t+s)} ds )] [e^{u(t)} − 1]^2. (4.43)

20 XUE-ZHONG HE

In fact, it follows from (4.41) that

I_4(w_t) ≤ 1 2 (x^∗)^2 [( ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} dp ds ) [e^{u(t)} − 1]^2 + ∫_∞ 0 f_1(s) ∫_t t−s e^{u(p)} ∫_∞ 0 f_1(q)[e^{u(p−q)} − 1]^2 dq dp ds ] . (4.44) Let V_3(w_t) =^1_2 (x^∗)^2 [ ∫_∞ 0 f_1(s) ∫_t t−s ( ∫_t ℓ e^{u(p)} ∫_∞ 0 f_1(q)[e^{u(p−q)} − 1]^2 dq dp ) dℓ ds +T_{f1} ∫_∞ 0 f_1(s) ∫_t t−s e^{u(p+s)}[e^{u(p)} − 1]^2 dp ds ] . (4.45) Since T^∗_{f1} < ∞, V_3(w_t) ≥ 0 is well defined and also, with this V_3, one can verify that claim 3 holds.

To the term I_5, we have the following estimates Claim 4. Let I_5(w_t) = (I_6 + I_7)(w_t) and I_6(w_t) = (I_8 + I_9)(w_t) with

I_6(w_t) = ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_∞ 0 f_2(q)[e^{v(p)} − e^{v(p−q)}] dq dp ds,(4.46)

I_7(w_t) = −ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)}[e^{v(p)} − 1] dp ds, (4.47)

I_8(w_t) = ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_∞ p f_2(q)[e^{v(p)} − e^{v(p−q)}] dq dp ds and I_9(w_t) = ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q)[e^{v(p)} − e^{v(p−q)}] dq dp ds. Then I_8(w_t) ≤ a|e^{u(t)} − 1| ( sup_{0≤s≤t}[y(s) + |ϕ_2|_∞]x(s) ) ∫^t 0 f_1(s) ∫_t t−s ∫_∞ p f_2(q) dq dp ds.

INFINITE DELAY PREY-PREDATOR MODEL 21

Also, there exists a nonnegative functional V_4(w_t) such that

(I_9 + V̇_4)(w_t) ≤^1_2 ab(x^∗)^2y^∗ { ( ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)}dℓ dq dp ds )

+T_{f1} ( ∫_∞ 0 f_3(p)e^{v(t+p)}A(t + p) dp )} [e^{u(t)} − 1]^2 (4.48) with A(t) = ∫_∞ 0 f_2(s) ∫_{t+s} t e^{u(p)} dp ds. Indeed, from I_9 and (4.2),

I_9(w_t) = ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)}v̇(ℓ) dℓ dq dp ds = ab(x^∗)^2y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)} × ∫_∞ 0 f_3(r)[e^{u(ℓ−r)} − 1]dr dℓ dq dp ds ≤ 1 2 ab(x^∗)^2y^∗ {( ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)}dℓ dq dp ds ) [e^{u(t)} − 1]^2 + ∫_∞ 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)} × ∫_∞ 0 f_3(r)[e^{u(ℓ−r)} − 1]^2 dr dℓ dq dp ds. (4.49) Define

V_4(w_t) =^1_2 ab(x^∗)^2y^∗ { ∫_∞ 0 f_1(s) ∫_t t−s ∫_t α e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)} × ∫_∞ 0 f_3(r)[e^{u(ℓ−r)} − 1]^2 dr dℓ dq dp dα ds +T_{f1} ∫_∞ 0 f_2(s) ∫_t t−s e^{u(ℓ+s)} ∫_t ℓ e^{v(p)} ∫_∞ 0 f_3(q)[e^{u(p−q)} − 1]^2 dq dp dℓ ds +T_{f1} ∫_∞ 0 f_3(s) ∫_t t−s e^{v(p+s)}A(p + s)[e^{u(p)} − 1]^2 dp ds } . (4.50) Then V_4(w_t) ≥ 0 is well defined and one can check that, with this V_4, claim 4 follows.

Now, we turn to the term I_7. Note that there is no negative term in (4.4) to control [e^{v(t)} − 1]^2. To construct functionals which have the properties of Ṗ_1 and Ṗ_2, one need to

22 XUE-ZHONG HE

convert all the delay terms on v to the ones on u. Guiding by this, we first have I_7(w_t) = −ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s [e^{u(p)} − 1][e^{v(p)} − 1] dp ds −ax^∗y^∗[e^{u(t)} − 1] ∫_∞ 0 f_1(s) ∫_t t−s [e^{v(p)} − 1] dp ds +ax^∗y^∗[e^{u(t)} − 1] ∫_∞ t f_1(s) ∫_t t−s [e^{v(p)} − 1] dp ds = −ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s [e^{u(p)} − 1][e^{v(p)} − 1] dp ds −ax^∗y^∗[e^{u(t)} − 1][e^{v(t)} − 1]T_{f1} +ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s [e^{v(t)} − e^{v(p)}] dp ds +ax^∗y^∗[e^{u(t)} − 1][e^{v(t)} − 1] ∫_∞ t sf_1(s) ds = −ax^∗y^∗[e^{u(t)} − 1][e^{v(t)} − 1]T_{f1} +ax^∗y^∗[e^{u(t)} − 1][e^{v(t)} − 1] ∫_∞ t sf_1(s) ds +(I_{10} + I_{11})(w_t), (4.51) where I_{10}(w_t) = −ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s [e^{u(p)} − 1][e^{v(p)} − 1] dp ds (4.52) and I_{11}(w_t) = ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s [e^{v(t)} − e^{v(p)}] dp ds. (4.53) Claim 5. Let I_{10} and I_{11} be defined by (4.52) and (4.53), respectively. Then I_7(w_t) = −ax^∗y^∗T_{f1}[e^{u(t)}−1][e^{v(t)}−1]+ax^∗y^∗[e^{u(t)}−1][e^{v(t)}−1] ∫_∞ t sf_1(s) ds+(I_{10}+I_{11})(w_t).

Furthermore, there exists a nonnegative V_5(w_t) such that (I_{10} + V̇_5)(w_t) ≤^1_2 ax^∗y^∗ [ ( ∫_t 0 f_1(s) ∫_t t−s |e^{v(p)} − 1| dp ds )

+T_{f1} |e^{v(t)} − 1| ] [e^{u(t)} − 1]^2. (4.54)

INFINITE DELAY PREY-PREDATOR MODEL 23

In fact,

I_{10}(w_t) ≤ 1 2 ax^∗y^∗ ∫_t 0 f_1(s) ∫_t t−s |e^{v(p)} − 1|([e^{u(t)} − 1]^2 + [e^{u(p)} − 1]^2) dp ds. Let V_5(w_t) = 1 2 ax^∗y^∗ ∫_∞ 0 f_1(s) ∫_t t−s ∫_t q |e^{v(p)} − 1|[e^{u(p)} − 1]^2 dp dq ds. Then V_5 ≥ 0 is well defined and claim 5 follows.

Claim 6. There exists V_6(w_t) such that

(I_{11} + V̇_6)(w_t) ≤^1_2 ab(x^∗)^2y^∗ [ ( ∫_t 0 f_1(s) ∫_t t−s ∫_t p e^{v(q)} dq dp ds )

+T^∗_{f1} ( ∫_∞ 0 f_3(s)e^{v(t+s)} ds )] [e^{u(t)} − 1]^2. (4.55) To show claim 6, we have from (4.53) and (4.2) that I_{11}(w_t) = ax^∗y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s ∫_t p e^{v(ℓ)}v̇(ℓ) dℓ dp ds = ab(x^∗)^2y^∗[e^{u(t)} − 1] ∫_t 0 f_1(s) ∫_t t−s ∫_t p e^{v(ℓ)} × ∫_∞ 0 f_3(q)[e^{u(ℓ−q)} − 1] dq dℓ dp ds ≤ 1 2 ab(x^∗)^2y^∗ {( ∫_t 0 f_1(s) ∫_t t−s ∫_t p e^{v(ℓ)} dℓ dp ds ) [e^{u(t)} − 1]^2 + ∫_∞ 0 f_1(s) ∫_t t−s ∫_t t−s e^{v(ℓ)} ∫_∞ 0 f_3(q)[e^{u(ℓ−q)} − 1]^2 dq dℓ dp ds }

= 1 2 ab(x^∗)^2y^∗ {( ∫_t 0 f_1(s) ∫_t t−s ∫_t p e^{v(ℓ)} dℓ dp ds ) [e^{u(t)} − 1]^2 + ∫_∞ 0 sf_1(s) ∫_∞ 0 f_3(q) ∫_t t−s e^{v(ℓ)}[e^{u(ℓ−q)} − 1]^2 dℓ dq ds } . (4.56) Define

V_6(w_t) =^1_2 ab(x^∗)^2y^∗ [ ∫_∞ 0 sf_1(s) ∫_∞ 0 f_3(q) ∫_t t−s ∫_t p e^{v(ℓ)}[e^{u(ℓ−q)} − 1]^2 dℓ dp dq ds +T^∗_{f1} ∫_∞ 0 f_3(s) ∫_t t−s e^{v(p+s)}[e^{v(p)} − 1]^2 dp ds ] . (4.57) Then V_6 ≥ 0 is well defined and one can see that claim 6 follows.

24 XUE-ZHONG HE

We now let V (w_t) = 6∑ i=1 V_i(w_t). Then it follows from the above claims that V (w_t) ≥ 0 is well defined and along the solution V̇ (w_t) ≤ −x^∗[e^{u(t)} − 1]^2 − ay^∗(1 + x^∗T_{f1} )[e^{u(t)} − 1][e^{v(t)} − 1] +D(t)[e^{u(t)} − 1]^2 + C(t), (4.58) where

D(t) = B(t) + 1 2 (x^∗)^2 [( ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} dp ds ) + T_{f1} ( ∫_∞ 0 f_1(s)e^{u(t+s)} ds )]

+ 1 2 ab(x^∗)^2y^∗ [( ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)}dℓ dq dp ds )

+T_{f1} ( ∫_∞ 0 f_3(s)e^{v(t+s)} ∫_∞ 0 f_2(p) ∫_{t+s+p} t+s e^{u(q)} dq dp ds )]

+ 1 2 ax^∗y^∗ [( ∫_t 0 f_1(s) ∫_t t−s |e^{v(p)} − 1| dp ds ) + T_{f1} |e^{v(t)} − 1| ]

+ 1 2 ab(x^∗)^2y^∗ [( ∫_t 0 f_1(s) ∫_t t−s ∫_t p e^{v(q)} dq dp ds )

+T^∗_{f1} ( ∫_∞ 0 f_3(s)e^{v(t+s)} ds )] (4.59) and C(t) = 1 x^∗ |x(t) − x^∗|[x(t) + |ϕ_1|_∞] ∫_∞ t f_1(s) ds + 1 x^∗ |x(t) − x^∗|[y(t) + ‖ϕ_2|_∞] ∫_∞ t f_2(s) ds +a|e^{u(t)} − 1| ( sup_{0≤s≤t}[y(s) + |ϕ_2|_∞]x(s) ) ∫^t 0 f_1(s) ∫_t t−s ∫_∞ p f_2(q) dq dp ds +a|x(t) − x^∗||y(t) − y^∗| ∫_∞ t sf_1(s) ds. (4.60) From the boundedness of the solution and the assumptions, one can see that C(t) ∈ L_1[0, ∞).

Estimation of D(t): First of all, from (4.23), there exists a T_1 > T such that B(t) ≤ abx^∗[T_{f2} (M_2 + ϵ) + ϵ] for t ≥ T_1.

INFINITE DELAY PREY-PREDATOR MODEL 25

Secondly, for t > T_1, similar to the derivation of (4.21), we have ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} dp ds ≤ 1 x^∗ M_1T_{f1} + e_2(ϵ)

with some e_2(ϵ) satisfying e_2(ϵ) → 0 as ϵ → 0 and ∫_∞ 0 f_1(s)e^{u(t+s)} ds ≤ 1 x^∗ (M_1 + ϵ).

On the other hand, from ẏ(t) ≥ −r_2y(t), we know that y(p) ≥ y(ℓ)e^{−r2(p−ℓ)} for p ≥ ℓ > 0, that is, e^{v(ℓ)} ≤ e^{v(p)}e^{r2(p−ℓ)} for p ≥ ℓ ≥ 0. Using this, ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)}dℓ dq dp ds ≤ 1 r_2 ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q)e^{v(p)}[e^{r2q} − 1] dq dp ds ≤ 1 r_2 ∫_t 0 f_1(s) ∫_t t−s e^{u(p)}e^{v(p)} ∫_∞ 0 f_2(q)[e^{r2q} − 1] dq dp ds ≤ T^∗_{f2} ∫_t 0 f_1(s) ∫_t t−s e^{u(p)}e^{v(p)} dp ds (4.61)

with

T^∗_{f2} = 1 r_2 ∫_∞ 0 f_2(s)[e^{r2s} − 1] ds. Similarly, for large t, ∫_t 0 f_1(s) ∫_t t−s e^{u(p)}e^{v(p)} dp ds ≤ 1 x^∗y^∗ [(M_1 + ϵ)(M_2 + ϵ)T_{f1} + ϵ]

and hence ∫_t 0 f_1(s) ∫_t t−s e^{u(p)} ∫_p 0 f_2(q) ∫_p p−q e^{v(ℓ)}dℓ dq dp ds ≤ M_1M_2 x^∗y^∗ T^∗_{f2} T_{f1} + e_3(ϵ)

with e_3(ϵ) → 0 as ϵ → 0; ∫_∞ 0 f_3(s)e^{v(t+s)} ∫_∞ 0 f_2(p) ∫_{t+s+p} t+s e^{u(q)} dq dp ds ≤ 1 x^∗y^∗ (M_1 + ϵ)(M_2 + ϵ)T_{f2},

26 XUE-ZHONG HE ∫_t 0 f_1(s) ∫_t t−s |e^{v(p)} − 1| dp ds ≤ 1 y^∗ max{y^∗T_{f1} , (M_2 + ϵ)T_{f1} + ϵ} ≤ 1 y^∗ [(M_2 + ϵ)T_{f1} + ϵ], (4.62) ∫_t 0 f_1(s) ∫_t t−s ∫_t p e^{v(q)} dq dp ds = [ ∫_{t−T} 0 f_1(s) ∫_t t−s ∫_t p e^{v(q)} dq dp ds + ∫_t t−T f_1(s) ∫_t t−s ∫_t p e^{v(q)} dq dp ds ]

≤ 1 y^∗ [ (M_2 + ϵ) ∫_{t−T} 0 f_1(s) ∫_t t−s (t − p) dp ds + ( sup_{s∈[0,t]} y(s) ) ∫^t t−T f_1(s) ∫_t t−s (t − p) dp ds ]

= 1 y^∗ [ (M_2 + ϵ) ∫_{t−T} 0 s^2 2 f_1(s) ds + ( sup_{s∈[0,t]} y(s) ) ∫^t t−T s^2 2 f_1(s) ds ]

≤ 1 2y^∗ [(M_2 + ϵ)T^∗_{f1} + ( sup_{s∈[0,t]} y(s) ) ϵ] = 1 2y^∗ M_2T^∗_{f1} + e_4(ϵ) (4.63)

with e_4(ϵ) → 0 as ϵ → 0; ∫_∞ 0 f_3(s)e^{v(t+s)} ds ≤ M_2 + ϵ y^∗ . Based on the above estimations, we conclude that for all large t D(t) ≤ D + E(ϵ) with D = x^∗ [ abM_2T_{f2} + M_1T_{f1} + 1 2 abM_1M_2(T_{f2} + T^∗_{f2} )T_{f1}

+aM_2T_{f1} + 3 4 abx^∗M_2T^∗_{f1} ] (4.64)

and some E(ϵ) satisfying E(ϵ) → 0 as ϵ → 0. Therefore, from (4.58),

V̇ (w_t) ≤ −x^∗[e^{u(t)} − 1]^2 − ay^∗(1 + x^∗T_{f1} )[e^{u(t)} − 1][e^{v(t)} − 1]

+[D + E(ϵ)][e^{u(t)} − 1]^2 + C(t), (4.65)

INFINITE DELAY PREY-PREDATOR MODEL 27

Let W be defined by (4.28). Then, from the discussion on W in the proof of Theorem 4.1, Ẇ satisfies (4.29) for all large t. Define

L(w_t) = bx^∗V (w_t) + ay^∗(1 + x^∗T_{f1} )W (w_t).

Then it turns out from (4.65) and (4.29) that for all large t L̇(w_t) ≤ −b[γ − h(ϵ)][x(t) − x^∗]^2 + bx^∗C(t), with γ = 1 − D x^∗ − abM_2(1 + x^∗T_{f1} )e^βT_{f3} and some h(ϵ) ≥ 0 satisfying h(ϵ) → 0 as ϵ → 0. Since (4.33), it is found that γ > 0. Note that C(t) ∈ L_1[0, ∞). Then, using the argument in the appendix and the last part of the proof in Theorem 4.1, one can show that (x(t), y(t)) → (x^∗, y^∗) as t → ∞. This completes the proof.

Similar to the Remark 2 and Corollary 4.1, we have the following result on the global attractivity, which shows that small delays do not change the stability of the system.

Corollary 4.2. Let T^∗_{fi} (i = 1, 2, 3) be defined by Theorem 4.2. Assume T^∗_{fi} < ∞ (i = 1, 2, 3). Then the positive equilibrium of the system (3.1) is globally attractive provided T_{fi} (i = 1, 2, 3) and T^∗_{f1} are sufficiently small.

5. Remarks

In our previous paper [18], it was shown that the approach of perturbation and degenerate Lyapunov functionals is very effective to the study of the global attractivity of the well-known prey-predator system with finite discrete delays. In this paper, we have developed this approach very successfully to the system with infinite delays. With the knowledge of the corresponding ODE system, one can treat the delay systems as perturbations of the ODE systems. Depending on the appearance of the delays and the properties of the Lyapunov function of the unperturbed ODE system, the perturbated system can be a neutral differential system, like what we have done in this paper. The way we construct the required degenerate Lyapunov functionals is complicated, however, we do have some tractable ideas to follow. This approach could be used to many well-studied delay systems.

For the system (3.1), by analysing its associated characteristic equation, Cushing [6] proved that the positive equilibrium of (3.1) is locally asymptotically stable for \small delays". As we known such analysis on the characteristic equations can be very complicated

28 XUE-ZHONG HE

and, after all, the analysis only lead to the existence of smallness of the delays in most of the cases. However, one can use the ideas of this paper and [18] to discuss the local stability and get some explicit estimates on the smallness of the delays, instead of the existence only. As we mentioned early, the estimate of the upper bound M_2 depends on the solutions, in general. If an uniform ultimate upper bound M_2 can be found, our results would lead to some more explicit conditions on the global attractivity in terms of delays, which is very importment in applications.

Appendix A.

The following proposition has been used in the proof of Theorem 4.1. Proposition. Under the assumptions of Theorem 4.1, [y(t) − y^∗]^2 ∈ L_1[T_2, ∞). Proof. Consider a function I(u, v) = ∫_{u+v} 0 [e^s − 1] ds. Then I(u, v) ≥ 0 for any u, v ∈ R. From (4.8), along the solution w(t) = (u(t), v(t)), İ(w_t) = [e^{u(t)+v(t)} − 1][u̇(t) + v̇(t)] = [e^{u(t)+v(t)} − 1] { − x^∗[e^{u(t)} − 1] − ay^∗ ∫_∞ 0 f_2(s)[e^{v(t−s)} − 1] ds +bx^∗ ∫_∞ 0 f_3(s)[e^{u(t−s)} − 1] ds }

= (I_1 + I_2 + I_3)(w_t), (A.1) where I_1(w_t) = −x^∗[e^{u(t)+v(t)} − 1][e^{u(t)} − 1],

I_2(w_t) = bx^∗[e^{u(t)+v(t)} − 1] ∫_∞ 0 f_3(s)[e^{u(t−s)} − 1] ds and I_3(w_t) = [e^{u(t)+v(t)} − 1] [ − ay^∗ ∫_∞ 0 f_2(s)[e^{v(t−s)} − 1] ds ] . Note that [e^{u(t)+v(t)} − 1] = e^{v(t)}[e^{u(t)} − 1] + [e^{v(t)} − 1].

INFINITE DELAY PREY-PREDATOR MODEL 29

Hence

I_1(w_t) = −x^∗e^{v(t)}[e^{u(t)} − 1]^2 − x^∗[e^{u(t)} − 1][e^{v(t)} − 1] ≤ x^∗ 2 ( 1 e_1

[e^{u(t)} − 1]^2 + e_1[e^{v(t)} − 1]^2 ) (A.2)

for some constant e_1 > 0.

For I_2, we have for all lage t

I_2(w_t) = bx^∗ ( e^{v(t)}[e^{u(t)} − 1] + [e^{v(t)} − 1] ) ∫_∞ 0 f_3(s)[e^{u(t−s)} − 1] ds ≤ bx^∗(M_2 + ϵ) 2y^∗ ( [e^{u(t)} − 1]^2 + ∫_∞ 0 f_3(s)[e^{u(t−s)} − 1]^2 ds )

+ bx^∗ 2 ( e_2[e^{v(t)} − 1]^2 + 1 e_2 ∫_∞ 0 f_3(s)[e^{u(t−s)} − 1]^2 ds ) (A.3)

for some constant e_2 > 0. Define

I_4(w_t) = bx^∗ 2 [ 1 e_2 + M_2 + ϵ y^∗ ] ∫^∞ 0 f_3(s) ∫_t t−s [e^{u(p)} − 1]^2 dp ds. Then

(I_2 + İ_4)(w_t) ≤ bx^∗ 2 ( e_2[e^{v(t)} − 1]^2 +

(2(M_2 + ϵ) y^∗ + 1 e_2 ) [e^{u(t)} − 1]^2 ) . (A.4)

For I_3, since −ay^∗ ∫_∞ 0 f_2(s)[e^{v(t−s)} − 1] ds = −ay^∗[e^{v(t)} − 1] + ay^∗ ∫_∞ 0 f_2(s)[e^{v(t)} − e^{v(t−s)}] ds = −ay^∗[e^{v(t)} − 1] + ay^∗ ∫_∞ t f_2(s)[e^{v(t)} − e^{v(t−s)}] ds +ay^∗ ∫_t 0 f_2(s) ∫_t t−s e^{v(p)}v̇(p) dp ds, (A.5) then, using the above idea, we have

−ay^∗ [e^{u(t)+v(t)} − 1][e^{v(t)} − 1]

≤ −ay^∗[e^{v(t)} − 1]^2 + a(M_2 + ϵ) 2 ( e_3[e^{v(t)} − 1]^2 + 1 e_3

[e^{u(t)} − 1]^2 ) (A.6)

30 XUE-ZHONG HE

for some e_3 > 0, ay^∗[e^{u(t)+v(t)} − 1] ∫_∞ t f_2(s)[e^{v(t)} − e^{v(t−s)}] ds ≤ a x^∗y^∗ |x(t)y(t) − x^∗y^∗|[y(t) + |ϕ_2|_∞] ∫_∞ t f_2(s) ds = I_5(t), (A.7)

ay^∗ [e^{u(t)+v(t)} − 1] ∫_t 0 f_2(s) ∫_t t−s e^{v(p)}v̇(p) dp ds = abx^∗y^∗ ( e^{v(t)}[e^{u(t)} − 1] + [e^{v(t)} − 1] )

× ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} ∫_∞ 0 f_3(q)[e^{u(p−q)} − 1] dq dp ds ≤ abx^∗(M_2 + ϵ) 2 {( ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} dp ds ) [e^{u(t)} − 1]^2 + ∫_∞ 0 f_2(s) ∫_t t−s e^{v(p)} ∫_∞ 0 f_3(q)[e^{u(p−q)} − 1]^2 dq dp ds

+ abx^∗y^∗ 2 { e_4 ( ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} dp ds ) [e^{v(t)} − 1]^2 + 1 e_4 ∫_∞ 0 f_2(s) ∫_t t−s e^{v(p)} ∫_∞ 0 f_3(q)[e^{u(p−q)} − 1]^2 dq dp ds } = I_6(w_t) (A.8)

for some constant e_4 > 0. From the boundedness of the solution, we know that I_5(t) ∈ L_1[0, ∞). Similar to the discussion in (4.17) and (4.18), one can show that there exists a nonnegative functional I_7(w_t) such that

(I_6 + İ_7)(w_t) ≤ abx^∗(M_2 + ϵ) 2 {( ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} dp ds )

+T_{f2} ( ∫_∞ 0 f_3(s)e^{v(t+s)} ds )} [e^{u(t)} − 1]^2 + abx^∗y^∗ 2 { e_4 ( ∫_t 0 f_2(s) ∫_t t−s e^{v(p)} dp ds ) [e^{v(t)} − 1]^2 + 1 e_4 T_{f2} ( ∫_∞ 0 f_3(s)e^{v(t+s)} ds ) [e^{u(t)} − 1]^2 } . (A.9)

INFINITE DELAY PREY-PREDATOR MODEL 31

By (4.21) and (4.22), we have from (A.9) that

(I_6 + Ṫ_7)(w_t) ≤ abx^∗(M_2 + ϵ) y^∗ [T_{f2}(M_2 + ϵ) + ϵ][e^{u(t)} − 1]^2 + abx^∗y^∗ 2 ( e_4[T_{f2}(M_2 + ϵ) + ϵ][e^{v(t)} − 1]^2 + 1 e_4

(M_2 + ϵ)T_{f2} [e^{u(t)} − 1]^2. (A.10)

Therefore, from (A.1), (A.2), (A.4), (A.6)-(A.9) and (A.10), d dt (I_1 + I_4 + I_7)(w_t) ≤ ( − ay^∗ + 1 2 [x^∗e_1 + bx^∗e_2 + a(M_2 + ϵ)e_3

+abx^∗[(M_2 + ϵ)T_{f2} + ϵ]e_4 ) [e^{v(t)} − 1]^2

+E(e_1, e_2, e_3, e_4)[e^{u(t)} − 1]^2 + I_5(t) (A.11)

with E(e_1, e_2, e_3, e_4) ≥ 0. One can select e_i (i = 1, 2, 3, 4) small enough such that the coefficient of [e^{v(t)}−1]^2 in (A.11) is negative. Then, by the nonnegativity of I_1, I_4 and I_7 and the fact that I_5(t), [e^{u(t)} − 1]^2 ∈ L_1[T_2, ∞), we conclude that [e^{v(t)} − 1]^2 =^1_{(y�)2} [y(t) − y^∗]^2 ∈ L_1[T_2, ∞). This completes the proof.

References

1. E. Beretta and Y. Kuang, Convergence results in a well-known delayed predator-prey system, J. Math.

Anal. Appl. 204 (1996), 840–853.

2. T.A. Burton, Uniform asymptotic stability in functional differential equations, Proc. Amer. Math. Soc.

68 (1978), 195–199.

3. , Volterra integral and differential equations, Academic Press, New York, 1983. 4. , Stability and periodic solutions of ordinary and functional differential equations, Academic Press, Orlando, 1985.

5. J.M. Cushing, Integrodifferential iequations and delay models in population dynamics, Lecture Notes in Biomathematics 20, Springer-Verlag, New York, 1977.

6. , On the oscillatory nature of solutions of general predator-prey models with time delays, Nonlinear Analysis, TMA 1 (1977), 583–592.

7. , Stability and instability in predator-prey models with growth rate response delays, Rock. Mount.

J. Math. 9 (1979), 43–50.

8. B. S. Goh, Global stability in many species systems, Amer. Natur. 111 (1977), 135–143. 9. K. Gopalsamy, Stability criteria for the linear system Ẋ(t) + A(t)X(t � τ ) = 0 and an application to a non-linear system, Int. J. System Sci. 21 (1990), 1841–1853.

32 XUE-ZHONG HE

10. , Stability and oscillations in delay differential equations of population dynamics, Kluwer Academic, Dordrecht, The Netherlands, 1992.

11. K. Gopalsamy and X. He, Global stability in n-species competition modelled by “pure-delay-type” systems II: nonautonomous case, Canad. Appl. Math. Quart., to appear.

12. , Dynamics of an almost periodic logistic integrodifferential equation, Methods and Applications of Analysis 2 (1995), 38–66.

13. J.K. Hale and S. M. Verduyn Lunel, Introduction to functional differential equations, Springer-Verlag, New York, 1993.

14. X. He, Almost periodic solution of a competition system with dominated infinite delays, Tohoku Math.

J., to appear.

15. , Global stability in nonautonomous Lotka-Volterra systems of “pure-delay-type”, Differential Integral Equs., to appear.

16. , Stability and delays in a predator-prey system-II, Dynamics of Continuous, Discrete and Impulsive Systems, to appear.

17. , Stability and delays in a predator-prey system, J. Math. Anal. Appl. 198 (1996), 355–370. 18. , Degenerate Lyapunov functionals and a prey-predator model with discrete delays, Tech. Report 97-1, School of Mathematics and Statistics, The University of Sydney, 1997.

19. , The Lyapunov functionals for delay Lotka-Volterra type models, SIAM J. Appl. Math. 58 (1998), to appear.

20. X. He and K. Gopalsamy, Persistence, attractivity and delay in facultative mutualism, J. Math. Anal.

Appl., to appear.

21. , Persistence, stability and level-crossing in an integrodifferential system, J. Math. Biol. 32 (1994), 395–426.

22. , Global stability in n-species competition modelled by “pure-delay-type” systems I: autonomous case, preprint, 1995.

23. J. Hofbauer and K. Sigmund, The theory of evolution and dynamical systems, Cambridge, New York, 1988.

24. Q. Huang, J. Wei, J. Wu, and X. Zou, Direction and stability of bifurcating periodic solutions in predator-prey systems with discrete delay, Differential equations and control theory (G. Lu Z. Deng, Z. Liang and S. Ruan, eds.), Lecture notes in pure and applied mathematics, vol. 176, Marcel Dekker, New York, 1996, pp. 107–119.

25. V.B. Kolmanovskii, L. Torelli, and R. Vermiglio, Stability of some test equations with delay, SIAM J.

Math. Anal. 25 (1994), 948–961.

26. Y. Kuang, Delay differential equations with applications in population dynamics, Academic Press, New York, 1993.

27. , Global stability in delay differential systems without dominating instantaneous negative feedbacks, J. Diff. Equs. 119 (1995), 503–532.

INFINITE DELAY PREY-PREDATOR MODEL 33

28. , Global stability in delayed nonautonomous Lotka-Volterra type systems without saturated equilibria, Differential Integral Equs. 9 (1996), 557–567.

29. Y. Kuang and H.L. Smith, Convergence in Lotka-Volterra-type delay systems without instaneous feedbacks, Proc. Roy. Soc. Edinburgh 123 A (1993), 45–58.

30. , Global stability for infinite delay Lotka-Volterra type systems, J. Diff. Equs. 103 (1993), 221– 246.

31. A. Leung, Periodic solutions for a prey-predator differential delay equation, J. Diff. Equs. 26 (1977), 391–403.

32. , Conditions for global stability concerning a prey-predator model with delay effects, SIAM J.

Appl. Math. 36 (1979), 281—286.

33. A. Leung and Z. Zhou, Global stability for large systems of Volterra-Lotka type integrodifferential population delay equations, Nonlinear Analysis, TMA 12 (1988), 495–505.

34. S. Murakami, Almost periodic solutions of a system of integrodifferential equations, Tohoku Math. J.

39 (1987), 71–79.

35. V.P. Shukla, Conditions for global stability of two-species population models with discrete time delay, Bull. Math. Biol. 45 (1983), 793–805.

36. G. Stepan, Great delay in a predator-prey model, Nonlinear Analysis, TMA 10 (1986), 913–929. 37. Y. Takeuchi, Global dynamical properties of Lotka-Volterra systems, World Scientific, Singapore, 1996. 38. A. Wörz-Busekros, Global stability in ecological systems with continuous time delay, SIAM J. Appl.

Math. 35 (1978), 123–134.

39. T. Yoshizawa, Stability by Liapunov’s second method, Math. Soc. Japan., Tokyo, 1966. 40. B. Zhang, Asymptotic stability in functional differential equations by Liapunov functionals, Trans.

Amer. Math. Soc. 347 (1995), 1375–1382.