DOMAIN PERTURBATION FOR LINEAR AND NONLINEAR PARABOLIC EQUATIONS

Daniel Daners^∗

School of Mathematics and Statistics University of Sydney, NSW 2006 Australia

March 1995

Abstract. We shall develop a general theory for domain perturbation for linear and nonlinear parabolic equations with measurable coefficients subject to Dirichlet boundary conditions. We show how solutions of linear and nonlinear parabolic equations behave as a sequence of domains approaches an open set. Convergence of domains is understood in a very general sense which allows that certain parts of the domains degenerate and are deleted in the limit, or that small sets are removed. We also consider the periodic problem and establish existence and uniqueness results for periodic solutions for the perturbed problem in a neighborhood of a periodic solution of the original equation. The theory can be used for instance to construct domains where a given periodic-parabolic equation has many periodic solutions.

1. Introduction

The main objective of this paper is to present a general theory on domain perturbation for a wide class of linear and nonlinear parabolic initial value problems subject to Dirichlet boundary conditions. The perturbation of domains may be very singular and includes for instance cutting holes into a domain or joining disjoint domains by narrow strips. The corresponding elliptic theory was developed in Dancer [4], [5]. So far, not much seems to be known for parabolic problems. There are some results for autonomous equations in Rauch and Taylor [18]. Dancer [5] considers nonautonomous equations but explicit time dependence is not allowed in higher order terms, and there are some restrictions on the convergence of the domains we are able to remove here. Moreover, Hale and Vegas [11] study domain perturbation for the autonomous Neumann problem. However, Neumann boundary conditions require different techniques.

1991 Mathematics Subject Classification. 35B20, 35K60, 35B10. � Supported by a grant of the Australian Research Council

Typeset by AMS-TEX 1

To get a taste of the kind of results proved here we consider the homogeneous heat equation

(1.1)

∂_tu_n − Δu_n = 0 in Ω_n × (0, ∞) u_n = 0 on ∂Ω_n × (0, ∞) u_n(· , 0) = u_{0n}(·) in Ω_n ,

where Ω_n is a sequence of bounded domains in R^N (N ≥ 2) approaching an open set Ω as n tends to infinity. For instance, Ω consists of two disjoint balls, and Ω_n is a dumbbell with a small hole in the balls on each side. By shrinking the holes and the handle, we approximate the set Ω as shown in Figure 1 below.

n→∞ −−−−−−→

Figure 1

For the general definition of convergence of domains we refer to Section 3. It is well known that (1.1) has a unique weak solution for any u_{0n} ∈ L_2(Ω_n). We also may consider (1.1) as an abstract parabolic equation in L_p(Ω_n) for all n ∈ N and p ∈ (1, ∞), and write the solution by means of the semigroup e^{−tAn} generated by the L_p-realization of the negative Laplacian subject to Dirichlet boundary conditions. If p ≥ 2 the solution of the abstract equation is a weak solution of (1.1) and vice versa. For this reason we do not distinguish between the weak solutions and solution of the abstract equation, and if we speak of a solution of (1.1) we always mean a weak solution. Set p_n u := u|_{Ωn} for all functions u on R^N and e_n u := u on Ω_n and e_n u = 0 outside Ω_n for any function u on Ω_n. We can define an analytic (but not strongly continuous) semigroup on L_p(R^N) by setting

(1.2) U_n(t) := e_n ∘ e^{−tAn} ∘ p_n .

We also define a pseudo resolvent R_n(λ) by setting

(1.3) R_n(λ) := e_n ∘ (λ + A_n)^{−1} ∘ p_n

whenever λ is in the resolvent set ϱ(A_n) of A_n. In a similar manner, we define U(·) and R(·) by deleting n everywhere. It is well known that one can represent the resolvent by means of the Laplace transform of the semigroup. On the other hand an analytic semigroup has a representation by means of the resolvent as a contour integral over a suitable sector (independent of n ∈ N) in the complex plane. The facts on semigroups we make use of can be found e.g. in [8], Section XVII.§6. From this, we easily deduce the following proposition.

1.1 Proposition. Let 1 < p < ∞. The following are equivalent:

(a) lim_{n→∞} U_n(t) = U(t) in L ( L_p(Ω) ) uniformly with respect to t in compact subintervals of (0, ∞), (b) lim_{n→∞} R_n(λ) = R(λ) in L ( (L_p(Ω) ) for all λ in a sector {z ∈ C : | arg z| ≤ ϑ} of the complex plane with angle ϑ > π/2,

It is shown implicitly in [4], Remark 1.5 that the convergence in (b) of the above proposition holds in the strong operator topology. It is in fact not hard to show that it holds in the uniform operator topology. We shall carry out the easy argument in the proof of Corollary 3.3 below. This allows us to prove the following theorem.

1.2 Theorem. Suppose that e_n(u_{0n})|_Ω converges to u_0 weakly in L_2(Ω). Let u_n be the solution of (1.1), and u the solution of equation (1.1) with n deleted. Then,

(1.4) lim_{n→∞} u_n = u

holds in C ( (0, T ], L_q ) for all q ∈ (1, ∞) and T > 0 finite.

Proof. The assertion follows if we show that each term on the right hand side of the inequality ‖u_n(t) − u(t)‖_q ≤ ‖U_n(t − δ)‖_{2,q}‖U(δ)(u_{0n} − u_0)‖_2 + ‖U_n(t) − U(t)‖_{2,q} ‖u_0‖_2 converges to zero uniformly with respect to t ∈ [δ, T ] for all δ > 0 and T > δ. Here, ‖·‖_p denotes the L_p-norm and ‖·‖_{p,q} the norm in L(L_p, L_q). Convergence of the first term follows if we can show that the the family e_n ∘e^{−δAn} u_{0n} is relatively compact in L_2(R^N). To see this note first that ‖e^{−δAn} u_{0n}‖_W 1_2 ≤ c|(A_ne^{−δAn} u_{0n}|e^{−δAn} u_{0n})| ≤ cδ^{−1}‖u_{0n}‖_2 , where c is a constant independent of n ∈ N and (· | ·) the L_2-scalar product. By Rellich’s theorem, the desired compactness follows. Convergence of the second term follows from Theorem 1.1 since ‖U_n(t) − U(t)‖_{2,q} ≤ ‖U_n(t − δ^′) − U(t − δ^′)‖_{q,q}‖U(δ^′)‖_{2,q} + ‖U(t − δ^′)‖_{2,q}‖U_n(δ^′) − U(δ^′)‖_{2,2} for all δ^′ ∈ (0, δ). �

The results proved so far already generalize and considerably simplify similar results in Dancer [5], Section 5, and Rauch and Taylor [18]. We can drop the condition that the projections p_n converge strongly in L ( L_2(R^N) ) , which was assumed in [5]. For an example of a situation where the projections do not converge we refer to Remark 3.2(b) below. It is straightforward to prove the same results replacing the Laplacian by a general divergence form elliptic operator with bounded measurable coefficients. Consider now the nonlinear heat equation

(1.5)

∂_tu_n − Δu_n = f(t, u_n) in Ω_n × (0, ∞) u_n = 0 on ∂Ω_n × (0, ∞) u_n(· , 0) = u_{0n}(·) in Ω_n ,

where f is a C^1-function on (0, ∞) × R. Here we can ask the same question as for the homogeneous case. In fact, using the variation of constants formula and continuous dependence of fixed points obtained by the contraction mapping principle we are able to prove the following theorem. The details of the proof are the same as in the general case and are given in Section 6.

1.3 Theorem. Suppose the assumptions of Theorem 1.2 hold, that u_n is the solution of (1.5), and that u is the solution of the corresponding equation with n deleted. Then (1.4) holds in C ( (0, T ], L_q ) for T sufficiently small and q ∈ (1, ∞).

Note that in the above theorem T may not be arbitrary because the solutions might exist only for finite time. If u_{0n} converges in L_q with q depending on the growth of f, T may be chosen arbitrarily close to the existence time of the solution on Ω as it turns out that the existence time is lower semicontinuous with respect to domain and initial values.

When studying the dynamic behavior of a periodic-parabolic equation one is interested in stationary points or periodic solutions and their stability properties. It is interesting to have methods to know how many T -periodic solutions there are, and to know their stability properties. If we assume that f(· , ξ) is T -periodic for all ξ ∈ R for some period T > 0 we shall prove that close to any nondegenerate stable (unstable) T -periodic solution of the limiting problem there exists a unique stable (unstable) T -periodic solution for (1.5) for n large. For details we refer to Section 7. In a similar manner as done in [4], [5] for elliptic equations our results can be used to construct domains, where a given periodic-parabolic equation has many T -periodic solutions. The idea is to take a domain where (1.5) has a unique nontrivial T -periodic solution. Taking Ω the two balls as above we can combine all the solutions and get three nontrivial periodic solutions. Then, our results tell us that we have at least three periodic solutions for the equation on the dumbbell.

In this paper we prove all the above results for general divergence form parabolic equations with measurable coefficients (also in time). The generalization is far from being straightforward. First of all we do not have an analogue for Proposition 1.1, so we have to work directly with the parabolic problem. Moreover, as we suppose the coefficients merely to be measurable in time it is not clear whether (1.4) holds in a space of continuous functions. The ideas used in this paper have there origin in several sources. One is the techniques used in Galerkin approximation of abstract parabolic equations. Another are techniques used when proving results for parabolic equations with measurable coefficients on nonsmooth domains. Our results contain these methods as a special case. The idea in that case is to approximate domains from the interior by smooth domains and measurable coefficients by smooth coefficients, using the results in the smooth case, and then trying to pass to the limit. The main difficulty there is to have estimates which do not depend on the smoothness of the coefficients and domains. This technique was extensively used for instance in Aronson [3]. Last but not least, many ideas have their roots in the corresponding theory for elliptic equations due to Dancer [4], [5]. However, some of our proofs considerably simplify those in [4], [5] when applied to the elliptic situation. In particular, we mention the proof of the continuity of the spectrum of the linearizations in stationary solutions.

We shall develop in Section 6 a theory for semilinear equations in L_p-spaces without making use of fractional power or interpolation spaces. For several reasons it is not possible to work with the theory of semilinear evolution equations such as contained for instance in [12], [1] or [7]. First of all they presuppose a certain smoothness of the coefficients and domain to be able to identify the domain of definition of A(t) as a closed operator on L_p. When working with operators with measurable coefficients this is not possible. Even if we restricted ourselves to the case of smooth coefficients and domains it would not help much because for an initial value to belong to a ‘higher’ fractional power (or interpolation) space it necessarily has to satisfy certain boundary conditions. If we perturb the domain slightly these boundary conditions are no longer satisfied in general. The reason, we develop a pure L_p-theory is that L_p-spaces are stable under arbitrary restrictions and trivial extensions. Thus, we can consider all functions on the domain we need to without running into problems with boundary conditions. Apart from that we can not expect our approximation results to hold in a stronger norm such as L_∞ without posing further restrictions (see Remark 4.6). However, note that, given the growth of the nonlinearity, the exponent p we choose is exactly the same we would choose when working with fractional power or interpolation spaces. For instance there is no growth restriction if p > N/2.

The paper is organized as follows. Section 2 mainly introduces notation and provides convenient reference to well known facts on abstract variational evolution equations and their application to parabolic equations. Section 3 deals with the L_2-theory of domain perturbation. The results proved there are the basis to what follows in the subsequent sections. Section 4 provides an L_p-theory of domain perturbation. The key to ‘lifting’ the approximations from L_2 to L_p are good (i.e. domain independent) Gaussian estimates of the weak Green’s function corresponding to parabolic operators due to Aronson [3], and interpolation. In Section 5, we establish analogous results for the periodic-parabolic problem. Moreover, we prove that the spectrum of the periodicparabolic operator depends continuously on the domain (and the coefficients). Section 6 deals with the nonlinear problem. We conclude the paper by proving existence and uniqueness of periodic solutions for the perturbed problem in the neighborhood of a nondegenerate solution of the original problem.

Acknowledgement. I would like to thank E.N. Dancer for his continuous interest, many discussions and useful hints during the preparation of the manuscript.

2. Preliminaries

In this section we introduce some concepts which are frequently used later. The intention is to introduce notation, and to provide convenient reference for well known facts which are not always explicitly stated in the literature. The only result which seems to be new is a compactness lemma which is suitable when dealing with varying domains. We divide the section into four parts. The first part introduces a class of function spaces proving in particular the above mentioned compactness lemma. In the second part we state some results on abstract variational evolution equations paying special attention to the constants appearing in the estimates. In the next part we summarize some results for the periodic problem, again keeping control on the constants. Finally, in the last part, we show the connection with parabolic evolution equations.

Before we start let us introduce some basic notation. If Ω is a set in the Euklidean space R^N we write Ω, Ω̊, ∂Ω and |Ω| for its closure, interior, boundary and Lebesgue measure, respectively. If Ω^′ is a another set in R^N we write Ω^′ ⊂⊂ Ω if Ω^′ ⊂ Ω̊. By L_p(Ω, E) (1 ≤ p ≤ ∞) we denote the usual Lebesgue spaces of functions taking values in the Banach space E. In case E = R we just write L_p(Ω) or L_p if there are no ambiguities. Further, W^1_2 (Ω) is the Sobolev space of all functions in L_2(Ω) whose distributional derivatives up to the order one are in L_2(Ω). Moreover, W̊^1_2 (Ω) is the closure of the space of the test function D(Ω) in W^1_2 (Ω). As usual D(Ω) is the space of C^∞-functions having compact support in Ω. The support of a function u we denote by supp u. If E, F are Banach spaces we write L(E, F ) for the Banach space of bounded linear operators from E to F equipped with the uniform operator topology. We set L(E) := L(E, E). If E ⊂ F and the natural injection is continuous or compact we write E → F and E −→ F , respectively.

A. Suppose that V and H are separable Hilbert spaces with V → H and V dense in H. By identifying H with its dual H^′ by means of the canonical isomorphism we can write (2.1) V → H → V^′ If J := (a, b) is a nontrivial interval in R we set

(2.2) W (J; V, V^′) := { u ∈ L_2(J, V ) : du dt ∈ L_2(J, V^′) } , where the derivative u̇ :=^{du}_{dt} is taken in the sense of distributions taking values in V^′. If equipped with the norm ‖·‖_W , given by

(2.3) ‖u‖_W := (∫ J ‖u(τ )‖^2_V dτ + ∫ J ‖u̇(τ )‖^2_V ′ dτ ) 1_2

W (J; V, V^′) is a Hilbert space. We just write W for W (J; V, V^′) if there is no ambiguity. It is well known that (cf. [16], Theorem I.1.3.1) (2.4) W → BC(J̄, H) , where BC denotes the space of bounded continuous functions equipped with the supremum norm. Therefore it makes sense to speak of u(t) for each t ∈ J̄. For functions u, v ∈ W and s, t ∈ J̄ with s < t the following formula holds (integration by parts):

(2.5) ( u(t) | |v(t)) − (u(s) | |v(s)) = ∫_t s ⟨u̇(τ ), v(τ )⟩ + ⟨v̇(τ ), u(τ )⟩ dτ Here, as always, (· | ·) denotes the scalar product in H and ⟨· , ·⟩ the duality pairing induced by (· | ·) on V . It is also well known (e.g. [15], Theorem 1.5.1) that if J is a bounded interval and V −→ H then (2.6) W −→ L_2(J, H) . As we will work with the spaces V := W̊^1_2 (Ω) and H := L_2(Ω), with varying domains Ω

in R^N this compactness result is not applicable in our case. We include here a version

which is appropriate to our needs. If (Ω_n)_{n∈N} is a sequence of domains we set

(2.7) V_n := W̊^1_2 (Ω_n) , H_n := L_2(Ω_n) , and W_n := W (J; V_n, V^′_n) .

By extending a function in W_n by zero outside Ω_n we may consider it as a function in L_2 ( J, W^1_2 (R^N) ) . In that sense we can write

(2.8) W_n ⊂ L_2 ( J, W^1_2 (R^N) ) ⊂ L_2 ( J, L_q(R^N) ) . for q = 2N(N − 2)^{−1} if n ≥ 3 and q > 1 if n = 2, where for the second inclusion we used the Sobolev embedding theorem. Note, however, that W_n ⊄ W ( J; W^1_2 (R^N), W^{−1}_2 (R^N) ) as V^′_n = W^{−1}_2 (Ω_n) ⊄ W^{−1}_2 (R^N). We prove now the following compactness lemma.

2.1 Lemma. Suppose that B is a ball in R^N such that Ω_n ⊂ B for all n ∈ N, and that J is a bounded interval. Assume that (u_n)_{n∈N} is a sequence of functions with u_n ∈ W_n, and that there exists M > 0 such that ‖u_n‖_{Wn} ≤ M for all n ∈ N. Then, the sequence (u_n)_{n∈N} is relatively compact in L_2 ( J, L_q(R^N) ) for all q ∈ [1, 2N(N − 2)^{−1}).

Proof. It is well known that there exists an extension operator E ∈ L ( W, W (R; V, V^′) ) , that is an operator satisfying Eu|_J = u for all u ∈ W . Moreover, an inspection of the proofs shows that, given any open neighborhood J_0 of J̄, E can be chosen such that supp Eu ⊂ J_0, and ‖E‖ depends only on the intervals J and J_0 (cf. [8], Section XVIII.§1.2 or [16], Theorem I.1.2.2). Hence, there exist functions v_n ∈ W (R; V_n, V^′_n) with supp v_n ⊂ J_0, J_0 bounded, such that v_n|_J = u_n and ‖v_n‖_{W (R ;Vn ,V} ′_{n)} ≤ M_0 for a constant M_0 independent of n ∈ N. We first show that (v_n)_{n∈N} is relatively compact in L_2

(R, L2(R^N)^) = L2(R^{N+1}). To do that we apply a well known compactness criterion

in L_p-spaces (cf. [10], Theorem IV.8.21). The only nontrivial point is to show that the translation in any coordinate direction is equicontinuous with respect to the family (v_n)_{n∈N} . In the following calculations ‖·‖ denotes the L_2(R^{N+1})-norm. We start by showing equicontinuity of the translation in “time”-direction. If h ∈ R is arbitrary we can write

‖v_n(· + h) − v_n(·)‖^2 = ‖v_n(· + h)‖^2 − ‖v_n(·)‖^2 − 2 ( v_n(· + h) − v_n(·) | |v_n(·))_{L2(R N+1 )} .

Using (2.5), Fubini and the translation invariance of the integral we get that

‖v_n(· + h)‖^2 − ‖v_n(·)‖^2 = 2 ∫_∞ −∞ ∫_h 0 ⟨v̇_n(t + σh), v_n(t + σh)⟩ dσ dt = 2|h| ∫_∞ −∞ ⟨v̇_n(t), v_n(t)⟩ dt ≤ |h|‖v_n‖^2_{W (R ;Vn ,V} ′_{n)} ≤ M^2_0 |h| . for all n ∈ N. Estimating the remaining term in a similar way we obtain

(2.9) ‖v_n(· + h) − v_n(·)‖ ≤ M_0 √ 2|h| On the other hand, if h ∈ R^N is arbitrary, we obtain ∫_∞ −∞ ∫ R^N |v_n(x + h, t) − v_n(x, t)|^2dx dt ≤ ∫_∞ −∞ ∫ R^N (∫ 1 0 |∇v_n(x + σh, t)| dσ )_2 dx dt|h|^2 ≤ |h|^2 ∫_∞ −∞ ∫ R^N

∫_1 0 |∇v_n(x + σh, t)|^2 dσ dx dt = |h|^2‖∇v_n‖^2 ≤ |h|^2‖v_n‖^2_{W (R ;Vn ,V} ′_{n)} ≤ M^2_0 |h|^2 ,

where in the second step we made use of the Cauchy-Schwarz inequality. Here, as always, ∇ denotes the gradient with respect to x ∈ R^N. This, together with (2.9) shows the relative compactness of (v_n) in L_2 ( (0, T ), L_2 ) . Suppose now that 2 < q < 2N(N − 2)^{−1} is given and choose q_1 ∈ (q, 2N(N − 2)^{−1}) arbitrary. As (v_n) is a bounded sequence in L_2 ( (0, T ), W^1_2 ) it follows from the Sobolev embedding theorem that (v_n) is a bounded sequence in L_2 ( (0, T ), L_{q1} ) . Therefore, if (v_{nk} ) is a convergent subsequence of (v_n) in L_2, it follows by interpolation and Hölder’s inequality that (v_{nk} ) is convergent in L_2 ( (0, T ), L_q ) . This accomplishes the proof of the lemma. �

B. Let us now turn to variational evolution equations. Suppose again that V, H are Hilbert spaces with V → H, V dense in H, and let a(t; · , ·) be a continuous bilinear form on V for all t ∈ J := [0, T ]. Suppose that for every u, v ∈ V the map (2.10) [0, T ] −→ R, t −→ a(t; u, v) is measurable. Moreover, suppose that there exist constants M, α > 0 and λ_0 ∈ R independent of t ∈ [0, T ] such that (2.11) a(t; u, v) ≤ M‖u‖_V ‖v‖_V for all u, v ∈ V , and

(2.12) a(t; u, u) + λ_0‖u‖^2_H ≥ α‖u‖^2_V

for all u ∈ V . For each t ∈ [0, T ] the bilinear form a(t; · , ·) induces a linear operator A(t) ∈ L(V, V^′) such that (2.13) a(t; u, v) = ⟨A(t)u, v⟩ holds for all u, v ∈ V . Moreover, due to (2.11) we have that

(2.14) sup_{t∈[0,T ]} ‖A(t)‖_{L(V,V} ′_) ≤ M .

We then consider the equation

(2.15) { u̇ + A(t)u = f(t) for t ∈ (0, T ] u(0) = u_0

in V^′ with initial value u_0 ∈ H and inhomogeneity f ∈ L_2 ( [0, T ], V^′ ) . By a solution we mean a function u ∈ W := W (0, T ; V, V^′) satisfying (2.15). It is well known that u is a solution if and only if u ∈ L_2 ( (0, T ), V ) and

(2.16) − ∫_T 0 ⟨v̇(τ ), u(τ )⟩ dτ + ∫_T 0 a(τ ; u(τ ), v(τ )) dτ = (u_0|v(0)) + ∫_T 0 ⟨f(τ ), v(τ )⟩ dτ holds for all v ∈ W with v(T ) = 0. Of course, the set {u ∈ W : v(T ) = 0} of test functions can be replaced by a dense subset, so for instance by D([0, T )) ⊗ V_0, where V_0 is a dense subspace of V . Here, D([0, T )) is the space of C^∞-functions with support in [0, T ), and D([0, T )) ⊗ V_0 is the linear hull of all functions of the form vφ(t), where v ∈ V_0 and φ ∈ D([0, T )). Note that

(2.17) v(t) := e^{−λ0t}u(t)

is a solution of (2.15) with A(t) replaced by A(t) + λ_0. Therefore we can assume without loss of generality that λ_0 = 0 in (2.12). We shall do this henceforth. Concerning existence of solutions of (2.15) the following theorem is well known (cf. [16], Theorem III.4.4.1 or [8], Section XVIII.§3).

2.2 Theorem. Suppose that (2.10)–(2.12) are satisfied (with λ_0 = 0). Then for any u_0 ∈ H and f ∈ L_2 ( (0, T ), V^′ ) equation (2.15) has a unique solution. Moreover the solution satisfies the estimates

(2.18) ‖u(t)‖^2_H + α ∫_t 0 ‖u(τ )‖^2_V dτ ≤ ‖u_0‖^2_H + α^{−1} ∫_t 0 ‖f(τ )‖^2_V ′ dτ and (2.19) ∫_t 0 ‖u̇(τ )‖^2_V ′ dτ ≤ 2Mα^{−1}‖u_0‖^2_H + (2M^2α^{−2} + 1) ∫_t 0 ‖f(τ )‖^2_V ′ dτ for all t ∈ (0, T ], where α and M are the constants from (2.11) and (2.12).

The above theorem tells us that the operator

(2.20) L := ( d dt + A(·), γ_0 ) ∈ L ( W, L_2((0, T ), V^′) × H ) is a topological isomorphism. Here, γ_0 ∈ L(W, H) denotes the trace operator given by γ_0u := u(0) which is well defined by (2.4).

C. We finally state some results on the periodic problem, that is the equation

(2.21) { u̇ + A(t)u = f(t) for t ∈ (0, T ) u(0) = u(T ) .

For simplicity, we assume in addition to the above section that the embedding constant of V in H is one. The following theorem is essentially known (cf. [16], Theorem III.6.2.1), but in order to have explicit estimates on the solution we include the easy proof. 2.3 Theorem. For any f ∈ L_2 ( (0, T ), V^′ ) equation (2.21) has a unique solution u ∈ W (0, T ; V, V^′). Moreover, the initial value of the solution satisfies the estimate

(2.22) ‖u(0)‖^2_H ≤ ( α(1 − e^{−αT} ) )_{−1} ∫^T 0 ‖f(τ )‖^2_V ′ dτ . Proof. In a first step we prove an estimate on the time-T -operator of (2.15), that is the operator U(T ) mapping u_0 to the solution of (2.15) with f ≡ 0 at time T . To do so note that d dt ‖u(t)‖^2_H = 2⟨u̇(t), u(t)⟩ = −2 a(t; u(t), u(t)) ≤ −2α‖u(t)‖^2_H . Therefore, ‖u(·)‖^2_H is absolutely continuous, and by a comparison theorem for ordinary differential equations we conclude that ‖u(t)‖^2_H ≤ e^{−2αt}‖u(0)‖^2_H . This proves that (2.23) ‖U(T )‖_{L(H)} ≤ e^{−αT} . Suppose now that w is the solution of (2.15) with u_0 ≡ 0. Note that by (2.23) ‖U(T )‖_{L(H)} < 1 and therefore 1 ∈ ϱ ( U(T ) ) . Thus, we can set u_0 := ( 1 − U(T ) )_{−1} w(T ). It is then easily verified that the solution u of (2.15) with initial value u_0 satisfies u(0) = u(T ), that is, it is a solution of (2.21). Moreover, it is clear that this solution is unique. The remaining assertion is now an easy consequence of (2.23) and (2.18). � If we set W_T := {u ∈ W : u(0) = u(T )} the above theorem tells us that

(2.24) L := d dt + A(·) ∈ L ( W_T , L_2((0, T ), V^′) ) is a topological isomorphism.

D. The above results can be used to prove existence of weak solutions of the initial boundary value problem

(2.25)

∂_tu + A(t)u = f in Ω × (0, T ] u = 0 on ∂Ω × (0, T ] u(·, 0) = u_0(·) in Ω ,

where Ω is an arbitrary domain in R^N, and A(t) an elliptic operator of the form

(2.26) A(t)u := −∂_i ( a_{ij} (x, t)∂_j u + a_i(x, t)u ) + b_i(x, t)∂_iu + c_0(x, t)u . (We use summation convention, i, j running from 1 to N.) We assume that the coefficients of A(·) satisfy the following conditions:

(2.27)

There exists R_0, M_0 > 0 and ν > N such that

(i) a_{ij} ∈ L_∞(R^N × (0, T )) (ii) a_i, b_i ∈ L_∞((0, T ), L_ν (B_{R0} )) and |a_i(x, t)|, |b_i(x, t)| ≤ M_0 if |x| ≥ R_0 (iii) c_0 ∈ L_∞((0, T ), L^ν_2 (B_{R0} )) and c_0(x, t) ≤ M_0 if |x| ≥ R_0

for all i, j = 1, . . . , N,

where B_{R0} := {x ∈ R^N : |x| < R_0}. Moreover, we suppose that there exists a constant α_0 > 0 such that

(2.28) a_{ij} (x, t)ξ_iξ_j ≥ α_0|ξ|^2

for all (x, t) ∈ R^N × [0, T ] and ξ ∈ R^N. As usual, the Dirichlet form corresponding to A(t) is defined by

(2.29) a(t; u, v) := ∫ Ω ( a_{ij} (x, t)∂_j u + a_i(x, t)u ) ∂_iv + ( b_i(x, t)∂_iu + c_0(x, t)u ) v dx

for all u ∈ W^1_2 (R^N). It is well known, and in fact easy to see, that there exist M, α > 0 and λ_0 ∈ R only depending on α_0, N, M_0, p and an upper bound for the norms of the coefficients of A(·) in L_∞, L_∞ ( (0, T ), L_p ) and L_∞ ( (0, T ), L^p_2 ) , respectively such that (2.10)–(2.12) hold for all u, v ∈ W^1_2 (R^N). If we set H := L_2(Ω) and V := W̊^1_2 (Ω) we can write (2.25) as an abstract equation of the form (2.15) in W^{−1}_2 (Ω) = V^′. By the remarks in B. it is clear that u is a solution of the abstract equation iff it is a weak solution of (2.25), i.e u ∈ L_2 ( (0, T ), V ) ) and (2.16) holds for all v ∈ D ( Ω × [0, T ) ) . Therefore, it follows from Theorem 2.2 that (2.25) has a unique weak solution for all u_0 ∈ H and f ∈ L_2 ( (0, T ), V^′ ) .

3. Domain Perturbation for Linear Equations: L_2-Theory

In this section we study how the (weak) solutions of the parabolic initial boundary value problems

(3.1)

∂_tu + A_n(t)u = f_n in Ω_n × (0, T ] u = 0 on ∂Ω_n × (0, T ] u(·, 0) = u_{0n}(·) in Ω_n

depend on data and domain. It is assumed that A_n(t) is an elliptic operator of the same structure as (2.26) and coefficients a^{(n)}_{ij} , a^{(n)}_i , b^{(n)}_i , c^{(n)}_0 satisfying a condition similar to (2.27) with R_0, M_0 and p independent of n ∈ N, and norms uniformly bounded with respect to n ∈ N in L_∞, L_∞ ( (0, T ), L_ν (B_{R0} ) ) and L_∞ ( (0, T ), L^ν_2 (B_{R0} ) , respectively.

Further, we suppose that the top order coefficients a^{(n)}_{ij} satisfy an estimate similar to (2.28) uniformly with respect to n ∈ N. Introducing the Dirichlet form a_n(t; · , ·) corresponding to A_n(t), and taking into account the remarks in Section 2.D we find that there exist constants M, α > 0 and λ_0 ∈ R such that for all u, v ∈ W^1_2 (R^N)

(3.2) a_n(t; u, v) ≤ M‖u‖_W 1_2 ‖v‖_W 1_2 and a_n(t; u, u) + λ_0‖u‖^2_{L2} ≥ α‖u‖^2_W 1_2

for all n ∈ N. As before, we assume without loss of generality that λ_0 = 0. We can therefore write equation (3.1) in the abstract form

(3.3) { u̇ + A_n(t)u = f_n(t) for t ∈ (0, T ] u(0) = u_{0n} ,

where A_n(t) is the operator induced by a_n(t; · , ·). Finally, we define H_n, V_n and W_n by (2.7). We assume throughout that

(3.4) { For all i, j = 1, . . . , N we have that a^{(n)}_{ij} , a^{(n)}_i , b^{(n)}_i and c^{(n)}_0 converge to the corresponding coefficients of A(·) in L_2((0, T ), L_{1,loc}).

Following Dancer [4], [5] we say that a sequence Ω_n of domains in R^N (N ≥ 2) converges to an open set Ω if

(3.5)

There exists a compact set K_0 ⊂ Ω of capacity zero and a compact set K_1 ⊂ R^N of measure zero such that

(i) Ω^′ ⊂⊂ Ω \ K_0 implies that Ω^′ ⊂⊂ Ω_n for large n ∈ N, (ii) For any open set U with Ω ∪ K_1 ⊂ U we have Ω_n ⊂ U for large n ∈ N.

If this holds we simply write Ω_n → Ω. Furthermore, we impose a very weak regularity assumption on the limiting domain Ω, namely that

(3.6) u ∈ W^1_2 (R^N) and supp u ⊂ Ω imply u ∈ W̊^1_2 (Ω) .

This property holds for all reasonably regular domains such as Lipschitz domains for instance. A discussion of this property may be found in [6].

In abuse of notation we shall often write u ∈ L_p(R^N) for the trivial extension (i.e. u=0 outside Ω) of a function u ∈ L_p(Ω). On the other hand, if u ∈ L_p(R^N) we write u ∈ L_p(Ω) and mean its restriction to Ω. For instance, if we write u_{0n} → u_0 in L_2(R^N) for u_{0n} ∈ L_2(Ω_n) we always mean that the trivial extensions converge in L_2(R^N). If we write u_{0n}|_Ω we mean that the trivial extension is restricted to Ω. We shall use this convention throughout without further comment.

We are now in a position to prove one of our main results.

3.1 Theorem. Suppose that Ω is a bounded open set satisfying (3.6), that Ω_n is a sequence of domains with Ω_n → Ω as n tends to infinity, and that (3.4) holds. Moreover, assume that u_{0n} ∈ L_2(Ω_n) and f_n ∈ L_2 ( (0, T ), L_{^2}(Ω_n) ) such that

u_{0n}|Ω ⇀ u_0 in L_2(Ω) and f_n|Ω ⇀ f in L_2 ( (0, T ), L_{^2}(Ω) ) weakly,

where ^2 = 2N(N + 2)^{−1} if N ≥ 3 and ^2 > 1 arbitrary if N = 2. If u_n is the solution of (3.1) and u the solution of (2.25), then

lim_{n→∞} u_n = u

in L_2 ( (0, T ), L_q (R^N) ) for all q ∈ [1, 2N(N − 2)^{−1}), and weakly in L_2 ( (0, T ), W^1_2 (R^N) ) . Proof. Note first that by Sobolev’s embedding theorem and duality L_{^2}(Ω_n) → V^′_n = W^{−1}_2 (Ω_n) with an embedding constant independent of n ∈ N. On the other hand, weakly convergent sequences are bounded. Hence, ‖f_n‖_{L2((0,T ),V} ′_{n)} is uniformly bounded and therefore we conclude from (3.2) and Theorem 2.2 that there exists M_0 > 0 such that

(3.7) ‖u_n(t)‖^2_{Hn} + ‖u_n‖^2_{Wn} ≤ M_0

for all n ∈ N and t ∈ [0, T ]. In particular, it follows that (u_n) is uniformly bounded in L_2 ( (0, T ), W^1_2 (R^N) ) (if we extend u_n outside Ω_n by zero). Thus we can extract a subsequence, which we denote again by (u_n) converging to some u in L_2 ( (0, T ), W^1_2 (R^N) ) weakly. By Lemma 2.1 this sequence converges strongly in L_2 ( (0, T ), L_q(R^N) ) for all q ∈ [1, 2N(N −2)^{−1}). It remains to show that u is the solution of (2.25). As the solution is unique it follows that the whole sequence converges.

Let v ∈ D(Ω \ K_0) and φ ∈ D ( [0, T ) ) arbitrary. Then as u_n is a weak solution of (3.1) and supp v ⊂ Ω_n for large n ∈ N we have that

(3.8) − ∫_T 0 (u_n(τ )|v)φ̇(τ ) dτ + ∫_T 0 a_n(τ ; u_n(τ ), v)φ(τ ) dτ = (u_{n0}|v)φ(0) + ∫_T 0 ⟨f_n(τ ), v⟩φ(τ ) dτ . By (3.4), the uniform boundedness of the coefficients of A_n(·) in L_∞, L_∞ ( (0, T ), L_ν ) and L_∞ ( (0, T ), L^ν_2 ) , respectively and interpolation it follows that the coefficients converge in L_2, L_2 ( (0, T ), L_N ) and L_2 ( (0, T ), L N_2 ) , respectively. Thus, by the weak convergence of (u_n) in L_2 ( (0, T ), W^1_2 (R^N) ) and the weak convergence of u_{0n} and f_n it follows from (3.8) that − ∫_T 0 (u(τ )|v)φ̇(τ ) dτ + ∫_T 0 a(τ ; u(τ ), v)φ(τ ) dτ = (u_0|v)φ(0) + ∫_T 0 ⟨f(τ ), v⟩φ(τ ) dτ as n tends to infinity. As K_0 has zero capacity it follows that D(Ω \ K_0) is dense in W̊ 1_2 (Ω). Thus, by our earlier remarks in Section 2.B D([0, T )) ⊗ D(Ω \ K_0) is a dense

set of test functions. Therefore, u is a weak solution if we show that u(t) ∈ W̊^1_2 (Ω) for almost all t ∈ (0, T ). To do so let B_0 be any closed ball not intersecting Ω ∪ K_1. Then it follows from (3.3) that u_n = 0 almost everywhere in B_0 × (0, T ) whenever n is large enough. As u_n converges in L_2

(R^N × (0, T )^) it follows that the same is true for u. As

B_0 was chosen arbitrarily, and K_1 is of measure zero, it follows that supp u ⊂ Ω × [0, T ]. By Fubini’s Theorem it follows that supp u(t) ⊂ Ω for almost all t ∈ (0, T ). Hence, (3.6) shows that u(t) ∈ W̊^1_2 (Ω) for almost all t. This completes the proof of the theorem. �

3.2 Remarks. (a) If Ω_n ⊂ Ω for all n ∈ N the assumption that Ω satisfies (3.6) is not necessary. This is clear from the proof because in that case u_n ∈ L_2 ( (0, T ), W̊^1_2 (Ω) ) for all

n ∈ N, and hence, we can work with L2^((0, T ),^˚W^1_2 (Ω)^) rather than L2^((0, T ), W^1_2 (R^N)^).

This was in fact used in [3] to approximate weak solutions by sequences of classical solutions of problems with smooth domains and coefficients. More recently it was observed in [6] in the case of elliptic problems. As all the subsequent approximation results rely on Theorem 3.1 the above remark remains valid for all approximation results.

(b) One could slightly generalize the notion of convergence of domains by replacing (3.5ii) by assuming that

(3.9)

There exists a bounded set K_1 ⊂ R^N \ Ω of measure zero which is closed in R^N \ Ω such that if U is an open set with Ω ∪ K_1 ⊂ U then Ω_n ⊂ U for large n ∈ N.

This condition was introduced in [6] for the elliptic problem. An inspection of the above proof shows that we only make use of this condition. For this reason, the above theorem remains true if we replace (3.5ii) by (3.9). As all the subsequent approximation results are based on the above theorem the same is true for all approximation results in this paper. If Ω ⊂ Ω_n for all n ∈ N (3.9) is equivalent to |Ω_n \ Ω| tending to zero as n goes to infinity. A situation which is covered by (3.9) but not by (3.5) is the following example due to Dancer (personal communication): Take a domain whose boundary has positive measure and which satisfies (3.6). For the existence of such a domain see Dancer [6]. Then take a set K_1 of measure zero such that every point of ∂Ω is a limit point of this set, and Ω ∪ K_1 is closed. Further, choose an arbitrary decreasing sequence of open sets Ω_n with Ω ∪ K_1 ⊂ Ω_n for all n ∈ N and ⋂_∞ n=0 Ω_n = Ω ∩ K_1. Obviously, in this situation the above condition is satisfied but not (3.5ii). Note also that this is an example where the natural projections form L_2(R^N) onto L_2(Ω_n) do not converge strongly to the corresponding projection onto L_2(Ω). To have an example such that (3.5) is satisfied we can choose K_1 = ∅.

(c) Define L_n and L similarly to (2.20). As

L_2 ( (0, T ), L_{^2}(Ω_n) ) → L_2 ( (0, T ), V^′_n )

with an embedding constant independent of n ∈ N we can consider L^{−1}_n as a bounded linear operator from L_2 ( (0, T ), L_{^2}(R^N) ) × L_2(R^N) into L_2 ( (0, T ), L_q ) (q as in the above theorem) by restricting functions first to Ω_n, using the above embedding, applying L^{−1}_n and finally extending the function trivially outside Ω_n. If we write again L^{−1}_n for this operator, the above theorem shows that

lim_{n→∞} L^{−1}_n (f, u_0) = L^{−1}(f, u_0)

in L_2 ( (0, T ), L_q (R^N) ) for all (f, u_0) ∈ L_2 ( (0, T ), L_{^2}(R^N) ) × L_2(R^N), i.e. the operators converge in the strong operator topology. We shall in fact show more, namely convergence in the uniform operator topology. �

3.3 Corollary. Suppose that the assumptions of the above theorem hold and denote by L^{−1}_n and L^{−1} the operators defined in the preceding remark. Then,

(3.10) lim_{n→∞} L^{−1}_n = L^{−1}

in L ( L_2((0, T ), L_{^2}) × L_2, L_2((0, T ), L_q (R^N)) ) for all q ∈ [1, 2N(N − 2)^{−1}).

Proof. Suppose the assertion is not true. Then there exist ε_0 > 0 and a sequence (f_n, u_{0n}) ∈ L_2 ( (0, T ), L_{^2} ) × L_2 with ‖u_{0n}‖^2 + ‖f_n‖^2_{L2((0,T ),L^2)} = 1 such that

(3.11) ‖(L^{−1}_n − L^{−1})(f_n, u_{0n})‖_{L2((0,T ),Lq)} ≥ ε_0

for all n ∈ N. Because (f_n, u_{0n}) is a uniformly bounded sequence it has a subsequence, which we denote again by (f_n, u_{0n}), converging weakly in L_2((0, T ), L_{^2}) × L_2 to some (f, u_0). Then it follows from Theorem 3.1 that

lim_{n→∞} L^{−1}_n (f_n, u_{0n}) = L^{−1}(f, u_0) and lim_{n→∞} L^{−1}(f_n, u_{0n}) = L^{−1}(f, u_0) .

in L_2 ( (0, T ), L_q (R^N) ) . (The latter follows by taking Ω_n = Ω and A_n = A for all n ∈ N.)

As this contradicts (3.11) this concludes the proof of the corollary. �

In a first step towards showing convergence in stronger norms we prove pointwise weak convergence of u_n(t) in L_2(Ω). Because of (2.4) it makes sense to speak about pointwise convergence.

3.4 Lemma. Suppose that the hypotheses of Theorem 3.1 hold. Then, u_n(t) ⇀ u(t) weakly in L_2(Ω) for all t ∈ [0, T ].

Proof. By (3.7) u_n(t) is uniformly bounded with respect to n ∈ N in L_2, and therefore has a subsequence (which we denote again by u_n(t)) with weak limit ū. Take v ∈ D(Ω \ K_0) and φ ∈ D ( (0, t] ) arbitrary. As u_n is the weak solution of (3.1) it follows that an equation similar to (3.8) holds with the integral taken over (0, t), and (u_{0n}|v)φ(0) replaced by −(u_n(t)|v)φ(t), whenever n ∈ N is large enough. Passing to the limit we obtain − ∫_t 0 (u(τ )|v)φ̇(τ ) dτ + ∫_t 0 a(τ ; u(τ ), v)φ(τ ) dτ = −(ū|v)φ(t) + ∫_t 0 ⟨f(τ ), v⟩φ(τ ) dτ . As u is the weak solution of (2.25) a similar equation holds with (ū|v) replaced by (u(t)|v). Therefore, (ū|v) = (u(t)|v) holds for all v ∈ D(Ω \ K_0). Hence the density of D(Ω \ K_0) in L_2(Ω) implies that ū = u(t). By uniqueness the whole sequence converges and the proof of the lemma is complete. �

We are now ready to prove convergence of u_n in stronger topologies.

3.5 Theorem. Suppose that the hypotheses of Theorem 3.1 hold and that in addition f_n converges weakly in L_2 ( (0, T ), L_p ) for some p > 2N(N + 2)^{−1}. Then, for any δ ∈ (0, T ] the solution u_n of (3.1) converges to the solution u of (2.25) in C ( [δ, T ], L_2 ) and in L_2 ( (δ, T ), W^1_2 ) . Moreover, if u_{0n} converges strongly, the above assertion holds for δ = 0.

Proof. In a first step we show that u_n(t) converges in L_2 for all t ∈ (0, T ]. As u_n converges in L_2 ( (0, T ), L_2 ) we may extract a subsequence (which we denote again by u_n) converging pointwise almost everywhere in L_2. Choose now δ arbitrarily close to zero in (0, T ] such that u_n(δ) converges in L_2 to u(δ). Then, for t ∈ (δ, T ] we set

(3.12) d_n(t) := 1 2 ‖u_n(t) − u(t)‖^2_{L2} + α ∫_t δ ‖u_n(τ ) − u(τ )‖^2_W 1_2 dτ .

Using (3.2) (with λ_0 = 0) we obtain

(3.13) d_n(t) ≤ 1 2 ‖u(t)‖^2_H + ∫_t δ a_n(τ ; u(τ ), u(τ )) dτ + 1 2 ‖u_n(t)‖^2_{Hn} + ∫_t δ a_n(τ ; u_n(τ ), u_n(τ )) dτ − (u_n(t)|u(t)) − ∫_t δ a_n(τ ; u(τ ), u_n(τ )) dτ − ∫_t δ a_n(τ ; u_n(τ ), u(τ )) dτ

for all n ∈ N. By (2.5), and the fact that u_n is a weak solution we have that 1 2 ‖u_n(t)‖^2_{Hn} + ∫_t δ a_n(τ ; u_n(τ ), u_n(τ )) dτ = 1 2 ‖u_n(δ)‖^2_{Hn} + ∫_t δ ⟨f_n(τ ), u_n(τ )⟩ dτ .

By our assumption on p we have that the dual exponent p^′ given by 1/p+1/p^′ = 1 satisfies p^′ < 2N(N − 2)^{−1}. Hence, by Theorem 3.1 u_n converges strongly in L_2 ( (0, T ), L_p′ ) . As f_n converges weakly in L_2 ( (0, T ), L_p ) by assumption, lim_{n→∞} u_n(δ) = u(δ) in L_2 and u is a weak solution of (2.25) we conclude that

(3.14) lim_{n→∞} ( 1 2 ‖u_n(t)‖^2_{Hn} + ∫_t δ a_n(τ ; u_n(τ ), u_n(τ )) dτ )

= 1 2 ‖u(δ)‖^2_H + ∫_t δ ⟨f(τ ), u(τ )⟩ dτ = 1 2 ‖u(t)‖^2_H + ∫_t δ a(τ ; u(τ ), u(τ )) dτ . By the weak convergence of u_n in L_2 ( (δ, t), W^1_2 ) we get that

(3.15) lim_{n→∞} ∫_t δ a_n(τ ; u_n(τ ), u(τ )) dτ + ∫_t δ a_n(τ ; u(τ ), u_n(τ )) dτ = 2 ∫_t δ a(τ ; u(τ ), u(τ )) dτ . Further, it is easy to see from the assumptions on the coefficients of A_n(·) that

(3.16) lim_{n→∞} ∫_t δ a_n(τ ; u(τ ), u(τ )) dτ = ∫_t δ a(τ ; u(τ ), u(τ )) dτ . Finally we have by Lemma 3.4 that

(3.17) lim_{n→∞}(u_n(t)|u(t)) = ‖u(t)‖^2_H .

Hence, (3.13)–(3.17) imply that d_n(t) tends to zero as n goes to infinity. This proves pointwise convergence, and convergence in L_2 ( (δ, T ), W^1_2 ) for all δ ∈ (0, T ).

To prove uniform convergence note first that

(3.18) lim_{n→∞} ∫_t δ ‖u_n(τ ) − u(τ )‖^2_W 1_2 dτ = 0

uniformly with respect to t ∈ [δ, T ]. Indeed, this follows from what we proved before since by (3.12) ∫_t δ ‖u_n(τ ) − u(τ )‖^2_W 1_2 dτ ≤ α^{−1}d_n(T )

for all n ∈ N and t ∈ [δ, T ]. From this it is clear that the limits (3.14) and (3.15) are uniform with respect to t ∈ [δ, T ]. It is also clear that (3.16) holds uniformly with respect to t ∈ [δ, T ]. Hence it remains to show that (3.17) holds uniformly. As [δ, T ] is a compact interval it is enough to show local uniform convergence. We divide the proof into two parts. The first shows uniform convergence in any compact subset of Ω \ K_0 and the second near ∂Ω. Let ψ ∈ D(Ω \ K_0) be given. Using (2.5) and the fact that u_n and u are weak solutions of (2.25) and (3.1), respectively, we can write (u_n(t)|ψu(t)) = (u_n(δ)|ψu(δ)) − ∫_t δ a(τ ; u(τ ), ψu_n(τ )) dτ + ∫_t δ ⟨f(τ ), ψu_n(τ )⟩ dτ − ∫_t δ a_n(τ ; u_n(τ ), ψu(τ )) dτ + ∫_t δ ⟨f_n(τ ), ψu(τ )⟩ dτ for n large. Taking into account that u_n(δ) converges in L_2(R^N), we conclude from (3.18) and the assumption on f_n that

(3.19) lim_{n→∞}(u_n(t)|ψu(t)) = (u(t)|ψu(t))

uniformly with respect to t ∈ [δ, T ] for all ψ ∈ D(Ω \ K_0). To estimate the part near the boundary fix s ∈ [δ, T ] and an open set Ω^′ ⊂⊂ Ω \ K_0 arbitrary. We show that ‖u(t)‖_{L2(Ω\Ω}′_) is uniformly small in a neighborhood of s in [δ, T ]. To see this recall that u ∈ C ( [δ, T ], L_2(Ω) ) and therefore for any ε > 0 there exists η > 0 only depending on ε such that ‖u(t) − u(τ )‖_{L2} ≤ ε/2 for all t, τ ∈ [δ, T ] with |t − τ | ≤ 2η. Thus, the triangle inequality implies that

(3.20) ‖u(t)‖_{L2(Ω\Ω}′_) ≤ ‖u(t) − u(s)‖_{L2} + ‖u(s)‖_{L2(Ω\Ω}′_) ≤ ε 2 + ‖u(s)‖_{L2(Ω\Ω}′_)

for all t ∈ (s − η, s − η) ∩ [δ, T ]. Therefore, given ε > 0, choose Ω^′ ⊂⊂ Ω such that ‖u(s)‖_{L2(Ω\Ω}′_) ≤ ε/2. Then, by (3.20) there exists η > 0 such that ‖u(t)‖_{L2(Ω\Ω}′_) ≤ ε for all t ∈ (s − η, s + η) ∩ [δ, T ] and n ∈ N. Finally choose a cut-off function for Ω^′, i.e. ψ ∈ D(Ω \ K_0) nonnegative with ψ = 1 on Ω^′. Then, by writing u = ψu + (1 − ψ)u and using the Cauchy-Schwarz inequality to estimate the term |(u_n(t)−u(t)|(1−ψ)u(t))| we obtain |(u_n(t) − u(t)|u(t))| ≤ |(u_n(t) − u(t)|ψu(t))| + 2M_0ε for all t ∈ (s − η, s + η) ∩ [δ, T ] and n ∈ N, where M_0 is the constant from (3.7). By (3.19) the first term is uniformly small for large n ∈ N. As η depends only on ε this shows local uniform, and hence uniform convergence of (3.17).

Finally, by choosing δ = 0 in case u_{0n} converges in L_2 it is obvious, that all the arguments above remain true. This proves the last assertion of the theorem. �

3.6 Corollary. Suppose that Ω_n → Ω with Ω satisfying (3.6), and that (3.4) holds. Moreover, let L^{−1}_n and L^{−1} be as in Remark 3.2(c). Then, assertion (3.10) holds in L ( L_2((0, T ), L_p) × L_2, C((0, T ], L_2) ) for all p > 2N(N + 2)^{−1}.

Proof. The proof is analogous to that of Corollary 3.3. We find a bounded sequence (f_n, u_{0n}) in L_2 ( (0, T ), L_p ) × L_2 and ε_0 > 0 such that (3.11) holds in the norm of C ( [δ, T ], L_2 ) , where δ ∈ (0, T ) is arbitrary. Then, using the fact that (f_n, u_{0n}) has a weakly convergent subsequence and Theorem 3.5, we obtain a contradiction. �

3.7 Remarks. (a) We can not expect the assertion of Corollary 3.6 to hold if we replace C ( (0, T ], L_2 ) by C ( [0, T ], L_2 ) . Indeed, L^{−1}_n (0, ·) at time 0 is the projection p_n given by u → u|Ω_n. Similarly, L^{−1}(0, ·) at time 0 is the projection u → u|Ω. In general, these projections do not converge in the uniform operator topology on L(L_2) but only in the strong operator topology. For instance if Ω_n ⊂⊂ Ω for all n ∈ N we choose a sequence of u_n ∈ L_2 supported in Ω \ Ω_n with ‖u_n‖_2 = 1. Then, ‖ p_n u_n − p u_n‖_2 = 1 for all n ∈ N. Similarly the same assertion follows in the general case provided Ω and Ω_n differ by a set of positive measure for all n ∈ N. For this reason we can not expect (3.10) to hold in L_2 uniformly with respect to t ∈ [s, T ].

(b) On the other hand, we have that

(3.21) lim_{n→∞} L^{−1}_n (· , 0) = L^{−1}(· , 0)

in L ( L_2((0, T ), L_p), C([0, T ], L_2) ) for p as in the above corollary. The proof is an obvious modification of the proof of Corollary 3.6. �

4. Domain Perturbation for Linear Equations: L_p-Theory

In this section we obtain approximations in higher norms. The main tool which enables us to do that are good estimates on the weak Green’s function due to Aronson [3], and interpolation. We first establish a representation formula for weak solutions of (2.25). The proof makes use of the results in the previous section. We start by showing some properties of the evolution operator U(t, s) corresponding to the family of operators ( A(t) ) t∈[0,T ]. By definition U(·, s)u0 is the solution of the equation

(4.1) { u̇ + A(t)u = 0 for t ∈ (s, T ]

u(s) = u_0 .

where s ∈ [0, T ) is arbitrary. It is defined for all (t, s) ∈ J_Δ := {(t, s) : 0 ≤ s ≤ t ≤ T }. Moreover, it follows from Theorem 2.2 and (2.4) that (4.2) U(· , s) ∈ C ( [s, T ], L(H) ) . Further, by uniqueness of the solution of (4.1) it follows that (4.3) U(t, t) = I and U(t, s) = U(t, τ )U(τ, s) for all 0 ≤ s ≤ τ ≤ t ≤ T . Among other things, it is shown in [3] Theorem 9(vi) that the evolution operator has a representation of the form

(4.4) U(t, s)u_0 = ∫ Ω γ(· , t; ξ, τ )u_0(ξ) dξ for all u_0 ∈ L_2(Ω), where γ(x, t; ξ, τ ) is the weak Green’s function corresponding to ∂_t + A(·) and Ω. From this representation we obtain important estimates for the evolution operator in L_p-spaces for p ≠ 2. In the sequel we denote by ‖·‖_{p,q} the norm in L(L_p, L_q).

4.1 Lemma. For all 1 ≤ p ≤ q ≤ ∞ we have that U(t, s) ∈ L(L_p, L_q). Moreover, (4.5) ‖U(t, s)‖_{p,q} ≤ C(t − s)^{− N2 ( 1p − 1q )} , where C is a constant depending only on p, q, N, α_0 and upper bounds for the norms of the coefficients of A. Moreover, for all s ∈ [0, T ) U(· , s) ∈ C ( [s, T ], L(L_p) ) ∩ C ( (s, T ], L(L_p, L_q) ) for 1 < p < q < ∞, and U(· , s) ∈ L_∞ ( (s, T ), L(L_∞) ∩ L(L_1) ) . Proof. It is shown in [3], Theorem 9(iii) that the weak Green’s function has a Gaussian upper bound whose constants depend only on the quantities listed in the lemma (except p, q). This, (4.4) and Young’s inequality for convolutions yield (4.5). In particular we get from (4.5) that U(· , s) ∈ L_∞ ( (s, T ), L(L_∞) ∩ L(L_1) ) holds. By interpolation it follows that U(· , s) ∈ C ( [s, T ], L(L_p) ) for p ∈ (1, ∞) since we already know this for p = 2. The remaining assertion follows by writing U(t, s) = U(t, δ)U(δ, s) for arbitrary δ ∈ (s, T ) and t ∈ [δ, T ], and using the previous results. �

We now prove that the weak solution of (2.25) can be represented by means of the variation of constants formula. The proof makes use of the results in Section 3 and is based on an idea in [3], Theorem 9(vi). In [3], the assertion is proved under conditions on f which always imply that the range of f is in L_p for p at least N/2. We shall prove the formula under much weaker assumptions on f.

4.2 Proposition. Let f ∈ L_2 ( (0, T ), L_p(Ω) ) for some p > 2N(N + 2)^{−1}, and u_0 ∈ L_2(Ω). Then, the weak solution of (2.25) can be represented by the variation of constants formula

(4.6) u(t) = U(t, 0)u_0 + ∫_t 0 U(t, τ )f(τ ) dτ . Proof. In view of (4.4) it is sufficient to prove the result in case u_0 = 0. As in the proof of Theorem 9(vi) in [3] we approximate the coefficients of A_n in L_{2,loc} by smooth coefficients. This can be achieved by convolution with appropriate smoothing kernels. Moreover, chose a sequence of smooth domains Ω_n such that Ω_n ⊂ Ω_{n+1} ⊂ Ω holds for all n ∈ N, and ⋃ n∈N Ω_n = Ω. Denote the Green’s functions to ∂_t + A_n(·) on Ω_n by γ_n. Then, the evolution operator U_n(· , ·) corresponding to the approximating problems has a representation similar to (4.4) with γ replaced by γ_n. We also approximate f in L_2 ( (0, T ), L_p(Ω) ) by smooth functions f_n. From the classical theory it is well known that the solution u_n of the approximating smooth problems is given by u_n(· , t) = ∫_t 0 U_n(t, τ )f_n(τ ) dτ . As by Theorem 3.5 and Remark 3.2(a) u_n(t) is converging in L_2 ( Ω ) to the solution u of the unperturbed problem it is sufficient to show that the right hand side converges in L_2(Ω) to the corresponding integral for any t ∈ (0, T ]. We have to show that

(4.7) lim_{n→∞} ∫_t 0 ‖U_n(t, τ )f_n(τ ) − U(t, τ )f(τ )‖_2 dτ = 0 for all t ∈ (0, T ]. By our assumption on p we have that

(4.8) N 2 ( 1 p − 1 2 ) + 1 2 < 1 Hence, it follows from Lemma 4.1, Hölder’s inequality and the fact that f_n converges to f in L_2 ( (0, T ), L_p(Ω) ) that the integrand in (4.7) has an integrable majorant independent of n ∈ N. Therefore by Lebesgue’s Theorem on dominated convergence it is sufficient to show that the integrand tends to zero for almost all τ ∈ (0, t). Fix τ ∈ (0, t) arbitrary. As f_n converges in L_2 ( (0, T ), L_p(Ω) ) it has a subsequence which converges pointwise almost everywhere in L_p(Ω). Thus we can assume that f_n(τ ) converges to f(τ ) for almost all τ ∈ (0, t) in L_p(Ω). Now we can apply Theorem 3.5 to conclude that ‖U_n(t, τ )f_n(τ ) − U(t, τ )f(τ )‖_2 tends to zero for almost all τ ∈ (0, t). As it is enough to show (4.7) for a subsequence this accomplishes the proof of the proposition. �

4.3 Remark. Suppose L is defined as in (2.20). Then, (2.29) is a representation formula for L^{−1}(f, u_0). Moreover, combining this with Lemma 4.1 we obtain higher integrability for the solutions. More precisely, if r ≥ 2 and p > 2N(N + 2)^{−1} we obtain that

(4.9) L^{−1} ∈ L ( L_r((0, T ), L_p) × L_q, C([0, T ], L_q) ) whenever q ∈ [2, ∞) is such that

(4.10) N 2 ( 1 p − 1 q ) + 1 r < 1 , and the norm depends on the same quantities as C in (4.5). Similarly, if (4.10) holds with q = ∞ we have that

(4.11) L^{−1} ∈ L ( L_r((0, T ), L_p) × L_∞, L_∞(R^N × (0, T )) ) , and the same assertion on the norm as above is true. Note that (4.9) and (4.11) follow from embedding theorems for Sobolev spaces provided the domain and coefficients are sufficiently smooth. �

In the following we suppose that L^{−1}_n , L^{−1} are as in Remark 3.2(c). We shall also consider U(t, s) as an operator in L ( L_p(R^N) ) by restricting a function u_0 first to Ω, applying U(t, s) and extending the result trivially to R^N. Moreover, we assume that Ω_n → Ω and that (3.6) and (3.4) are satisfied. After these preparations we prove the main result of this section.

4.4 Theorem. Suppose that r ≥ 2, p > 2N(N + 2)^{−1} and q ∈ [2, ∞) are such that (4.10) holds. Then, the following assertions hold.

(a) If u_{0n} ⇀ u_0 weakly in L_2(Ω) and f_n ⇀ f in L_r ( (0, T ), L_p ) weakly, then the solution u_n := L^{−1}_n (f_n, u_{0n}) of (3.1) tends to the solution u := L^{−1}(f, u_0) of (2.25) in C ( (0, T ], L_q ) (b) If in (a) u_{0n} → u_0 in L_q(R^N) we have that u_n converges to u in C ( [0, T ], L_q ) .

(c) L^{−1}_n converges to L^{−1} in L ( L_r((0, T ), L_p) × L_2, C((0, T ], L_q) ) Proof. (a) Suppose that q_1 > q is such that (4.10) is satisfied with q replaced by q_1. Then, by (4.6) and (4.5) we get that for any δ > 0 and t ∈ [δ, T ]

(4.12) ‖L^{−1}_n (f_n, u_{0n})(t)‖_{q1} ≤ c_0 ( ‖u_{0n}‖_2 + ‖f_n‖_{Lr((0,T ),Lp)} ) holds with a constant c_0 > 0 depending on δ > 0, q_1, r, p but independent of n ∈ N. A similar estimate holds if we replace L^{−1}_n by L^{−1}. Thus, by interpolation we get that for all t ∈ [δ, T ] (4.13)

‖L^{−1}_n (f_n, u_{0n})(t) − L^{−1}(f, u_0)(t)‖_q

≤ ‖L^{−1}_n (f_n, u_{0n})(t) − L^{−1}(f, u_0)(t)‖^{1−θ}_2 ‖L^{−1}_n (f_n, u_{0n})(t) − L^{−1}(f, u_0)(t)‖^θ_{q1}

where θ ∈ (0, 1) is given by 1/q = (1 − θ)/2 + θ/q_1. By the fact that weakly convergent sequences are bounded it follows from (4.12) that the second factor on the right hand side of the above inequality is uniformly bounded with respect to n ∈ N and t ∈ [δ, T ]. It is also clear that f_n ⇀ f in L_2 ( (0, T ), L_p ) . Hence, the assertion of (a) follows from (4.13) and Theorem 3.5.

(c) Similarly to the proof of (a) we get that for δ > 0 and t ∈ [δ, T ]

‖L^{−1}_n (f, u_0)(t) − L^{−1}(f, u_0)(t)‖_q

≤ ‖L^{−1}_n (f, u_0)(t) − L^{−1}(f, u_0)(t)‖^{1−θ}_2 ‖L^{−1}_n (f, u_0)(t) − L^{−1}(f, u_0)(t)‖^θ_{q1} ≤ c_0‖L^{−1}_n − L^{−1}‖^{1−θ}_{L(L2((0,T ),Lp)×L2,C([δ,T ],L2))} ( ‖u_0‖_2 + ‖f‖_{Lr ((0,T ),Lp)} )

with a constant c_0 independent of n ∈ N. Now, (c) is obvious from Corollary 3.6.

(b) It is obviously enough to show that L^{−1}_n (0, u_{0n}) and L^{−1}_n (f_n, 0) converge to L^{−1}(0, u_0) and L^{−1}(f, 0), respectively. Convergence of the latter is an easy consequence of Remark 3.7(b) and an argument similar to that used in the proof of (c). Note that L^{−1}_n (0, u_{0n}) = U_n(· , 0)u_{0n}. Therefore, we only have to show that

(4.14) lim_{n→∞} U_n(· , 0)u_{0n} = U(· , 0)u_0

holds in C( ( [0, T ], L_q ) provided u_{0n} converges in L_q. Here, we are not able to apply interpolation directly since u_{0n} is not necessarily a bounded sequence in L_{q1} for some q_1 > q. For this reason we use a truncation argument and replace u_{0n} by u_{0n,k} := { k if |u_{0n}| ≥ k u_{0n} if |u_{0n}| ≤ k , where k > 0 is arbitrary. Similarly we define u_{0,k}. Then we can write ‖U_n(t, 0)u_{0n} − U(t, 0)u_0‖_q ≤ ‖U_n(t, 0)‖_{q,q} ‖u_{0n} − u_{0n,k}‖_q + ‖U_n(t, 0)u_{0n,k} − U(t, 0)u_{0,k}‖_q + ‖U(t, 0)‖_{q,q} ‖u_{0,k} − u_0‖_q .

By Lemma 4.1 and the fact that a convergent sequence in L_q is equi-integrable the first and the last terms are small uniformly with respect to n ∈ N and t ∈ [0, T ]. Therefore, given ε > 0 we find k such that the first and the last term are smaller than ε for all

n ∈ N and t ∈ [0, T ]. It is also easy to see that u0n,k converges to u0,k in Lq and hence

in L_2 for all k > 0. By definition, the family u_{0n,k} is uniformly bounded in L_∞ by k. Thus, by Lemma 4.1, Theorem 3.5 and interpolation the middle term converges to zero uniformly with respect to t ∈ [0, T ] as n tends to infinity. This concludes the proof of the theorem. �

4.5 Remark. As an easy consequence of the above theorem we see that lim_{n→∞} U_n(· , s) = U(· , s) in C ( (0, T ], L(L_p, L_q) ) for all p, q ∈ (1, ∞). Indeed, observe that U_n(· , 0) = L^{−1}_n (0, ·).

Further note that which initial time we start with is irrelevant. This proves our claim. �

4.6 Remarks. So far we always excluded the case q = ∞. In fact, the above results do not hold in this case. Take for instance a domain Ω where the solutions of (2.25) are not continuous up to the boundary and approximate this domain by smooth domains from inside. If a result as the one above was true the solution of (2.25) would be continuous up to the boundary which contradicts our assumption. Concerning approximation in the L_∞-norm we include the following two results:

(a) Suppose the hypotheses of Theorem 4.4(a) are satisfied with p, r such that (4.10) holds with q = ∞ (note that this implies p > N/2). Then, u_n converges to u in C ( Ω^′ ×[δ, T ] ) for every Ω^′ ⊂⊂ Ω\K_0 and δ ∈ (0, T ), that is we have uniform convergence away from the parabolic boundary.

Proof. It follows from our assumptions on f_n, the variation of constants formula (4.6) and Lemma 4.1 that ‖u_n‖_{L∞(R} N_{×[δ/2,T ])} is uniformly bounded with respect to n ∈ N. By the interior Hölder continuity of weak solutions of a parabolic equation (e.g. [3], Theorem C) u_n is Hölder continuous in Ω^′ ×[δ, T ] with a Hölder constant not depending on n ∈ N. Moreover, the same result tells us that u_n is bounded in a Hölder norm on Ω^′ × [δ, T ]. Hence there is a convergent subsequence in C ( Ω^′ × [δ, T ] ) . As we know already that u_n is convergent in a weaker topology it follows that the whole sequence converges in that space.

(b) If we assume in addition that ∂Ω and ∂Ω_n satisfy a regularity condition uniformly with respect to n ∈ N then u_n converges in C ( [δ, T ] × R^N ) , where as usual we extend u_n trivially outside Ω_n. The regularity condition is the following (e.g. [3], p. 616/17): There exists 0 < r_0 and δ_0 ∈ (0, 1) such that for all x ∈ ∂Ω |B (x, ρ) ∩ Ω)| ≤ (1 − δ0)|B (x, ρ)| holds whenever ρ ≤ r_0. If the constants r_0 and δ_0 are independent of n ∈ N solutions are Hölder continuous up to the boundary of Ω for positive time with a Hölder constant indepent of n (e.g. [3], Theorem D). Hence the arguments of the proof of Remark (a) apply and we get the assertion. �

5. Periodic Problems

In this section we prove results analogous to those in Section 3 and 4 for the periodicparabolic problem. Moreover, we show continuity properties of the spectrum of the periodic-parabolic eigenvalue problem. Before we start let us remark that in case of the periodic problem it is no longer possible to use the transformation (2.17) because this means shifting the periodic-parabolic operator by λ_0. However, in the applications to nonlinear problems in Section 7 below we are able to reduce the general case to the case λ_0 = 0 by modifying the nonlinearity slightly. For this reason we assume throughout that λ_0 = 0. We start by showing that the solution of the periodic problem

(5.1)

∂_tu + A_n(t)u = f_n in Ω_n × (0, T ] u = 0 on ∂Ω_n × (0, T ] u(·, 0) = u(·, T ) in Ω_n

converge to the solution of the limiting problem

(5.2)

∂_tu + A(t)u = f in Ω × (0, T ] u = 0 on ∂Ω × (0, T ] u(·, 0) = u(·, T ) in Ω

as n tends to infinity. On the operators A_n and A we impose the same hypotheses as in Section 3. As (3.1) we can write (5.1) in the abstract form

(5.3) { u̇ + A_n(t)u = f_n(t) for t ∈ (0, T ] u(0) = u(T ) .

By Theorem 2.3 this equation has a unique solution for all n ∈ N, which is the weak solution of (5.1). A similar result is true for (5.3). Let L and L_n be defined as in (2.24). In the same way as in Remark 3.2(c) we can see them as operators in L ( L_2((0, T ), L_{^2}), L_2((0, T ), L_q ) )

for all q ∈ [1, 2N(N − 2)^{−1}). Assume now that Ω_n → Ω, that Ω satisfies (3.6) and that (3.4) holds. Then, we have the following approximation theorem.

5.1 Theorem. Suppose that r ≥ 2, p > 2N(N + 2)^{−1} and q ∈ [2, ∞) are such that (4.10) holds. Then, the following assertions hold.

(a) If f_n ⇀ f in L_r ( (0, T ), L_p ) weakly, then the solution u_n := L^{−1}_n (f_n, u_{0n}) of (5.1) tends to the solution u := L^{−1}(f) of (5.2) in C ( [0, T ], L_q ) as n goes to infinity.

(b) L^{−1}_n converges to L^{−1} in L ( L_r((0, T ), L_p), C([0, T ], L_q) ) as n tends to infinity.

Proof. It follows from Lemma 4.1 and e.g. [1], Lemma V.1.1.1 that the spectrum of U_n(T, 0) and U(T, 0) considered as an operator on L_p does not depend on p ∈ [1, ∞].

Therefore, ( I −Un(T, 0) )_{−1} ∈ L(L_q ) is well defined. Recall that the initial value of (5.3) is given by

(5.4) u_n(0) = ( I −Un(T, 0) )_{−1} L^{−1}_n (f, 0)(T ) .

As f_n converges weakly it follows from Theorem 4.4(a), the continuity of the resolvent with respect to the operator and (5.4) that u_n(0) converges to u(0) in L_q. Thus, assertion (a) follows from Theorem 4.4(b). Assertion (b) follows from (a) by an argument similar to that in the proof of Corollary 3.3 or 3.6. The details are left to the reader. �

As an easy consequence we obtain the following useful compactness result.

5.2 Corollary. Suppose the assumptions of Theorem 5.1 hold. Then, the family of maps (L^{−1}_n , L^{−1}) is collectively compact in L ( L_r((0, T ), L_p), C([0, T ], L_q) ) whenever r ≥ 2, p ≥ 2N(N + 2)^{−1} and s, q ∈ [2, ∞) satisfy (4.10), that is, the union of the images of a bounded set in L_r ( (0, T ), L_p ) under L^{−1}_n and L^{−1} is relatively compact in C ( [0, T ], L_q ) . In particular, any of the maps L^{−1}_n , L^{−1} is compact.

Before we turn to eigenvalue problems we remark that the assertions of Remark 4.6 hold. In fact, due to periodicity we can replace the time intervals [δ, T ] by [0, T ].

We consider now the periodic-parabolic eigenvalue problems

(5.5)

∂_tφ + A_n(t)φ = μ_nφ in Ω_n × [0, T ] φ = 0 on ∂Ω_n × [0, T ] φ(·, 0) = φ(·, T ) in Ω_n ,

and show that the eigenvalues μ_n converge to the eigenvalues of the problem

(5.6)

∂_tφ + A(t)φ = μφ in Ω × [0, T ] φ = 0 on ∂Ω × [0, T ] φ(·, 0) = φ(·, T ) in Ω .

as n tends to infinity. Note that μ is an eigenvalue of (5.5) iff μ^{−1} is an eigenvalue of L^{−1}_n . A similar statement holds for the eigenvalues of (5.6). Hence, it is sufficient to consider the behavior of the eigenvalues of L^{−1}_n as n tends to infinity. By Corollary 5.2 the operators L^{−1}_n , L^{−1} are compact and therefore have got a discrete spectrum. We shall prove the following result on the dependence of the eigenvalues on n.

5.3 Theorem. Let Σ be a finite system of eigenvalues of L^{−1} and U an open neighborhood of Σ in C such that no other eigenvalue of L^{−1} is contained in U. Then, counting multiplicity, L^{−1}_n has exactly the same number of eigenvalues in U as L^{−1}.

Proof. As already remarked the operators are compact and therefore have discrete spectrum. By combining Theorem 5.1(b) and the perturbation result in [13], Section IV.3.5 we obtain the continuity properties of any finite system of eigenvalues. �

6. Nonlinear Problems

In this section we prove continuous domain dependence for solutions of the nonlinear initial boundary value problem

(6.1) ∂_tu + A(t)u = f(x, t, u) in Ω × (0, T ] u = 0 on ∂Ω × (0, T ] u(·, 0) = u_0(·) in Ω ,

where f ∈ C

(R^N × [0, T ] × R^), A(·) and Ω as in Section 2.D. We may write this problem

as an abstract parabolic equation of the form

(6.2) { u̇ + A(t)u = F (t, u) in (0, T ] u(0) = u_0

where F (t, u)(x) := f(x, t, u(x)) is the substitution operator induced by f. Recall that F (t, ·) ∈ C(L_q, L_p) if and only if there exists a c > 0 and g ∈ L_p such that (6.3) f(t, x, ξ) ≤ g(x) + c|ξ|^{qp} for all x ∈ R^N and ξ ∈ R (cf. [14], Section I.2 or [2], Chapter 3). No growth condition is needed if q = ∞. To prove existence of solutions of (6.3) we also need that F is (locally) Lipschitz in u uniformly with respect to t ∈ [0, T ]. A sufficient condition implying this is that there exists a function g such that (6.4) |f(x, t, ξ_1) − f(x, t, ξ_2)| ≤ g(x, ζ)|ξ_1 − ξ_2| holds for all |ξ_1|, |ξ_2| ≤ ζ, and the substitution operator induced by g is bounded from L_q into L^{pq}_{q−p} . For necessary and sufficient conditions see [2], Theorem 4.4. If q = ∞ it is sufficient that f is locally Lipschitz in ξ uniformly with respect to (x, t) ∈ R^{N+1} We shall first prove existence of solutions of the integral equation

(6.5) u(t) = U(t, 0)u_0 + ∫_t 0 U(t, τ )F (τ, u(τ )) dτ under suitable assumptions on f. A solution of (6.5) is called a mild solution of (6.2). Note also that by Proposition 4.2 a mild solution of (6.2) is a weak solution of (6.1) provided u_0 ∈ L_2 and F (· , u(·)) ∈ L_2 ( (0, T ), L_p ) for some p > 2N(N + 2)^{−1}. Existence of a solution of (6.5) is proved in a standard way similar to Picard-Lindelöf iteration in ordinary differential equations. We shall use here a weaker metric which allows us to prove continuous dependence of the solutions on the domains even if the initial values are not supposed to converge strongly.

6.1 Proposition. Suppose that F ∈ C ( [0, T ] × L_q, L_p ) is uniformly Lipschitz continuous with respect to t ∈ [0, T ] on bounded sets of L_q, and that p, q satisfy 2N(N +2)^{−1} < p ≤ q ≤ ∞ with (6.6) γ := N 2 ( 1 p − 1 q ) < 1 . Then, for any ρ > 0 there exists t_1 > 0 such that for u_0 ∈ L_q with ‖u_0‖_q < ρ (6.3) has a unique mild solution. If q < ∞ we have that

(6.7) u ∈ C ( [0, t_1], L_q ) . If p < q = ∞ we have that

(6.8) u ∈ L_∞ ( (0, t_1), L_∞ ) ∩ C ( [0, t_1], L_p ) . Proof. For any u ∈ L_∞ ( (0, T ), L_q ) and u_0 ∈ L_q we define

(6.9) G(u)(t) := U(t, 0)u_0 + ∫_t 0 U(t, τ )F (τ, u(τ )) dτ . It is clear that u is a mild solution of (6.2) iff u is a fixed point of G. It follows from Lemma 4.1 and our assumption on F that G maps L_∞ ( (0, T ), L_q ) into itself. We shall show that G is a contraction in a suitable subset. Fix u_0 ∈ L_q such that ‖u‖_q ≤ ρ and choose c_1 > 0 such that

(6.10) ‖U(t, 0)u_0 − u_0‖_q ≤ c_1‖u_0‖_q

holds for all t ∈ [0, T ]. Then, from (4.5) and the assumption on F we conclude that

(6.11) ‖ ∫_t 0 U(t, τ )F (τ, u(τ )) dτ ‖_q ≤ C 1 − γ t^{1−γ}‖F (·, u(·))‖_{L∞ ((0,T ),Lp)} = c_2t^{1−γ} for all t ∈ (0, T ]. Choose t_0 ∈ (0, T ] such that c_2t^{1−γ}_0 ≤ 1 and set ε := c_1ρ + 1. It is then easy to check that the set

(6.12) M_{t1} := L_∞ ( (0, t_1), B (u_0 , ε) ) is invariant under G for any t_1 ∈ (0, t_0], where B (u_0 , ε) is the ball with center u_0 and radius ε in L_q. In the classical proof it is shown that G is a contraction on M_{t1} for t_1 small enough in the metric induced by the norm of L_∞ ( (0, T ), L_q ) . We choose now a weaker metric, namely that induced by the Fréchet space L_{∞,loc} ( (0, t_1], L_q ) . The topology in this space is generated by any family of seminorms given by

(6.13) q_i(w) := sup_{t∈(εit1,t1)} ‖w(t)‖_q , where (ε_i)_{i∈N} is a strictly decreasing sequence in (0, 1) with limit zero. It is well known that for any sequence (β_i)_{i∈N} in (0, ∞) with ∑_∞ i=1 β_i < ∞ (6.14) d(u, v) := ∞∑ i=1 β_i q_i(u − v) 1 + q_i(u − v)

is a metric in L_{∞,loc} ( (0, t_1], L_q ) . By definition, for all u, v ∈ M_{t1} ‖u(t) − v(t)‖ ≤ ‖u(t) − u_0‖ + ‖u_0 − v(t)‖ ≤ 2ε and therefore

(6.14) q_i(u − v) ≤ 2ε

for all u, v ∈ M_{t1} and i ∈ N. Set now ε_i := 2^{−i} and β_i := 2^{−i(1−γ)} for all i ∈ N. Then, for all t ≥ 2^{−i}t_1 and u, v ∈ M_{t1} we have that ‖G(u)(t) − G(v)(t)‖_q ≤ c_3t^{1−γ} q_i(u − v) + c ∞∑ j=i+1 ∫_2−j+1_{t1}

2^{−j} t1 (t − τ )^{−γ} dτ q_j (u − v)

≤ ct^{1−γ}_1 ( q_i(u − v) + ∞∑ j=i+1 2^{−j(1−γ)}q_j (u − v) )

where c depends only on C in (4.5), and the Lipschitz constant of F (which depends on ε). To estimate the integrals we used the elementary inequality (t − a)^{1−γ} − (t − b)^{1−γ} ≤ b^{1−γ} − a^{1−γ} ≤ b^{1−γ} which holds whenever 0 ≤ a ≤ b ≤ t. Further note that the series converges because of (6.14). Therefore, we have that q_i ( G(u) − G(v) ) ≤ ct^{1−γ}_1 ( q_i(u − v) + ∞∑ j=i+1 β_j q_j (u − v) )

for all i ∈ N. This, together with (6.14), shows that q_i ( G(u) − G(v) ) 1 + q_i ( G(u) − G(v) ) ≤ c(2ε + 1) ( q_i(u − v) 1 + q_i(u − v) + ∞∑ j=i+1 β_i q_j (u − v) 1 + q_j (u − v) )

for all i ∈ N. Therefore, by definition of the metric we find that

(6.16) d ( G(u), G(v) ) ≤ c(2ε + 1)t^{1−γ}_1 ( d(u, v) + ∞∑ i=1 β_i ∞∑ j=i+1 β_j q_j (u − v) 1 + q_j (u − v) )

≤ c(2ε + 1)t^{1−γ}_1 ( d(u, v) + d(u, v) ∞∑ i=1 β_i )

= c(2ε + 1) ( 1 + 1 2^{γ−1} − 1 ) t^{1−γ}_1 d(u, v) = c_3t^{1−γ}_1 d(u, v) for all u, v ∈ M_{t1} . As c_3 only depends on C from (4.5), the Lipschitz constant of F , γ and ε we can choose t_1 > 0 such that G is a contraction on M_{t1} in the metric (6.14). Therefore, by the contraction mapping principle G has a unique fixed point in M_{t1} , which means that (6.2) has a unique mild solution u with initial value u_0 in L_∞ ( (0, t_1), L_q ) . From the continuity properties of the evolution operator it follows easily that (6.7) and (6.8) hold. �

6.2 Remarks. (a) In the standard proof of the above Lemma it is shown that G is a contraction in M_{t1} using the metric induced by the norm of L_∞ ( (0, t_1), L_q ) . This is clear from the above proof. Indeed, in that case we easily see that ‖G(u) − G(v)‖_{L∞ ((0,t1),Lq)} ≤ ct^{1−γ}_1 ‖u − v‖_{L∞ ((0,t1),Lq )} for a constant depending only on ε, γ, the Lipschitz constant of F and the constant C in (4.5). Hence, G is a contraction in that metric if t_1 is chosen suitably. But as emphasized already we will need the more complicated proof in order to show domain perturbation results for the nonlinear equation.

(b) In a standard way (cf. [7],[12]) it is easy to prove from the above proposition that (6.2) has a unique maximal solution. �

We turn now to the problem of approximation of a solution of problem (6.1) by the solution of

(6.17)

∂_tu + A_n(t)u = f(x, t, u) in Ω_n × (0, T ] u = 0 on ∂Ω_n × (0, T ] u(·, 0) = u_{0n}(·) in Ω_n ,

6.3 Theorem. Suppose Ω_n → Ω with Ω satisfying (3.6), that A_n is as in Section 3, and that (3.5) holds. Further assume that f satisfies the conditions of Proposition 6.1.

Then, for any ρ > 0 there exists t_1 ∈ (0, T ] such that for all u_0, u_{0n} ∈ L_q with ‖u_0‖_q, ‖u_{0n}‖_q ≤ ρ there exist unique solutions u and u_n of (6.1) and (6.17) satisfying (6.7) and (6.8), respectively for all n ∈ N. If u_{0n} ⇀ u_0 weakly in L_2 then,

(6.18) lim_{n→∞} u_n = u

exists in C ( (0, t_1], L_r ) , where r ≤ q if q < ∞, and r < ∞ if q = ∞. Moreover, if u_{0n} converges strongly in L_r, then, (3.19) holds in C ( [0, t_1], L_r ) , where r is as before.

Proof. Define G_n similar as G by replacing U(· , ·) by U_n(· , ·) and u_0 by u_{0n} in (6.9). As the constants c_1, c_2, c_3 in (6.10), (6.11) and (6.16), respectively can be chosen independently of n ∈ N we find that G_n is a contraction on M_{t1} for a t_1 ∈ (0, T ] independent of

n ∈ N. Moreover, the Lipschitz constant of Gn does not depend on n ∈ N, i.e. the Gn

are uniform contractions in the metric (6.14). Hence, the first assertion follows from Proposition 6.1.

To prove the approximation result we start with the case q < ∞. It is an easy consequence of Theorem 4.4(a) that G_n(u) tends to G(u) in M_{t1} for all u ∈ M_{t1} . As G_n are uniform contractions it follows that their fixed points u_n converge to a fixed point of G as n tends to infinity (cf. [12], Section 1.3.6). This proves (3.19) in case q < ∞. Assume now that q = ∞. Then, as the solutions of (6.1) and (6.17) are in M_{t1} , they are bounded in L_∞

(R^N × (0, t1)^), uniformly with respect to n ∈ N. Hence, we may

replace f by a truncation of f without changing the solutions. Then, the hypotheses of our theorem are fulfilled for any q < ∞ and we can apply what we proved before.

Finally, it remains to prove the assertion on uniform convergence on [0, t_1]. In this case we proceed exactly as above but replacing the metric (6.14) by the norm in L_∞ ( (0, t_1), L_q ) which is possible by Remark 6.2, and use Theorem 4.4(b) to see that G_n(u) converges to G(u) as n tends to infinity. This completes the proof of the theorem. �

It follows from Remark 6.2 that (6.17) has a unique maximal solution for all initial values in the appropriate space for all n ∈ N. Denote by t^+(u_0) the maximal existence time of the solution of (6.2) with initial value u_0. Similarly, we define t^+_n (u_{0n}) the maximal existence time of (6.17). Next we prove lower semicontinuity of the existence time with respect to the domain and the initial values.

6.4 Theorem. Suppose the same assumptions as in Theorem 6.3 are satisfied. Fix u_0 ∈ L_q arbitrary. Then, for all t_0 < t^+(u_0) there exists a neighborhood W of u_0 and n_0 ∈ N such that t_0 < t^+_n (v) for all v ∈ W .

Proof. Denote the solution of (6.2) and (6.17) for the initial value v by u(· ; v) and u_n(· ; v), respectively. Fix u_0 ∈ L_q arbitrary and let t_0 < t^+(u_0) be given. Since the solution is bounded in L_q on any compact subinterval of [0, t^+(u_0)) we find for any R > 0 a constant ρ > 0 such that ‖v‖_q ≤ ρ for all v ∈ B_R := { w ∈ L_q : ‖u(t; u_0) − w‖_q ≤ R for all t ∈ [0, t_0] } . We are done if we show that the solution of (6.17) stays in B_R for all t ∈ [0, t_0] for initial values close to v and n large. By Theorem 6.1 there exists t_1 > 0 such that t^+_n (v), t^+(v) > t_1 for all n ∈ N.

We first assume that q < ∞ and suppose that there exist sequences n_k ∈ N tending to infinity and u_{0k} converging to u_0 in L_q such that for all k ∈ N u_{nk} (t; u_{0k}) does not stay in B_R for all t ∈ [0, t_1]. Therefore, there exist t_k ∈ [0, t_1] such that

(6.19) ‖u_{nk} (t_k; u_{0k}) − u(t_k; u_0)‖_q = R

for all k ∈ N. Selecting a suitable subsequence we may assume without loss of generality that t_k converges to t̄ ∈ [0, t_1]. But by the second part of the above theorem this is not possible. Hence, we find n_1 ∈ N and ε_1 > 0 such that u_n(t; v) remains in B_R for all v ∈ B_{ε1} (u_0) := {w ∈ L_q : ‖w − u_0‖_q ≤ ε_1} and n ≥ n_1. The first part of the above theorem then implies that t^+_n (v) > 2t_1 for all v ∈ B_{ε1} (u_0). Repeating the process above we see that there exists n_2 ∈ N and ε_2 > 0 such that u_n(t; v) ∈ B_R for all n ≥ n_2 and

v ∈ B ε_2 (u0). Since in finitely many steps we reach t0 this shows the assertion of the

theorem in case q < ∞.

If q = ∞ we have to modify the above proof because then u_n does not necessarily converge to u in L_∞, and therefore we do not get a contradiction from (6.19). On the other hand, it is sufficient to show that for all r < ∞ large enough ‖u_n(t; v) − u(t; u_0)‖_r < R holds for all v close to u_0 in L_∞ and n large enough. Assuming the contrary we obtain a contradiction by similar arguments as in the case q < ∞ using the second part of Theorem 6.3. This concludes the proof of the theorem. �

Combining Theorems 6.3 and 6.4 we easily deduce the following corollary.

6.5 Corollary. Suppose that the assumptions of Theorem 6.3 hold. If u_{0n} converges to u_0 in L_q then (6.18) holds in C ( [0, t_0], L_r ) , where t_0 < t^+(u_0) is arbitrary and r is as in Theorem 6.3.

7. Nonlinear Periodic Problems

In this section we obtain results about the existence and uniqueness of T -periodic solutions of (6.17) which are close to a known (nondegenerate) T -periodic solution of (6.1). We always suppose that Ω_n → Ω in the sense of (3.5) with Ω satisfying (3.6), and that (3.4) holds. Before we state the main result of this section we introduce the assumptions on the nonlinearity. Let us suppose throughout that

(7.1) f ∈ C^1(R^N × [0, T ] × R) and there exist c, β > 0 such that |∂_3f(x, t, ξ)| ≤ c ( 1 + |ξ|^{β−1} )

for all (x, t, ξ) ∈ R^N × [0, T ] × R.

We say a periodic solution of (6.1) is nondegenerate if

(7.2) ∂_tv + A(t)v = ∂_3f(x, t, u)v in Ω × [0, T ] v = 0 on ∂Ω × (0, T ] v(·, 0) = v(·, T ) in Ω ,

has only the trivial solution. To be able to use the results of Section 4 we replace A_n(t) by A_n(t) + λ_0 and f(x, t, ξ) by f̃ (x, t, ξ) := f(x, t, ξ) + λ_0ξ. Then, it is clear that f̃ satisfies (7.1) with the same constants as f. So without loss of generality we may assume that λ_0 = 0. The main result is the following.

7.1 Theorem. Suppose f satisfies (7.1) and that u is a T -periodic nondegenerate solution of (6.1) in L_∞

(R^N × (0, T )^). Then the following assertions hold.

(a) For n large, there exists a T -periodic solution of (6.17) which is close to u in C ( [0, T ], L_q ) for all q ∈ [1, ∞). Further, this solution is unique in a suitable neighborhood of u in C ( [0, T ], L_q ) if max {_{2Nβ} N+2 ,^N_2 (β − 1) } < q < ∞ if n is large.

(b) Suppose that Σ is a finite system of eigenvalues of the linearization of (6.1) in u, and U is an open neighborhood of Σ in C . Then, counting multiplicity, the linearization of (6.17) in u_n has exactly the same number of eigenvalues in U provided n is large enough.

(c) Given K > 0, every T -periodic solution of (6.17) with ‖u_n‖_∞ ≤ K must be close to a T -periodic solution of (6.1) in C ( [0, T ], L_q ) for all q ∈ [1, ∞).

Proof. We first prove uniqueness in (a). To do so let us assume the contrary. Then for all n ∈ N there exist T -periodic solutions u_n ≠ v_n of (6.17) converging to u in L_∞ ( (0, T ), L_q ). For all n ∈ N set w_n := (u_n − v_n)‖u_n − v_n‖^{−1}_{L2(RN ×(0,T ))}. Obviously, w_n satisfies the (linear) equation

(7.3)

∂_tw_n + A_n(t)w_n = d_n(x, t)w_n in Ω_n × (0, T ] w_n = 0 on ∂Ω_n × (0, T ] w_n(· , 0) = w_n(· , T ) in Ω_n ,

where d_n(x, t) := ∫_1 0 ∂_3f(x, t, u_n + τ (u_n − v_n)) dτ . By assumption u_n, v_n converge to u in L_∞ ( (0, T ), L_q ) and therefore, by our conditions on f it is not hard to show that (7.4) lim_{n→∞} d_n(x, t) = ∂_3f(x, t, u(x, t)) in L_2 ( (0, T ), L_1 ) . Moreover, d_n(x, t) is a bounded sequence in L_∞ ( (0, T ), L^ν_2 ) for some ν > N. Thus, from the remarks in Section 2.D and Theorem 2.2 it follows that ‖w_n‖_{Wn} is a bounded sequence. In view of Lemma 2.1 we can choose a subsequence (which we denote again by w_n) converging to some w in L_2

(R^N×(0, T )^). It follows from (7.3), (7.4)

and Theorem 5.1 that w is a solution of (7.2). By our assumption on nondegeneracy w must be zero. But as ‖w_n‖_{L2} = 1 for all n ∈ N, and w_n is convergent in L_2 this is a contradiction.

We now prove existence of a solution for the perturbed problem. We define operators Q and Q_n by setting

Q(u) := L^{−1}F (· , u) and Q_n(u) := L^{−1}_n F (· , u) ,

respectively, where L^{−1}, L^{−1}_n are as in Section 5, and F is the substitution operator to f. It is clear that u is a T -periodic solution of (6.1) iff u is a fixed point of u. A similar statement is true for Q_n. It follows from our assumptions on f that F ∈ C^1 ( L_q(R^N × (0, T )), L_p(R^N × (0, T ) ) is bounded whenever p, q are large enough (see e.g. [2], Theorem 3.12). Moreover, we can make sure that (4.10) holds with r replaced by p. Therefore, it follows from Corollary 5.2 that Q, Q_n ∈ C^1 ( L_q(R^N × (0, T ) ) are completely continuous. Thus, the Leray-Schauder Fixed Point Index ([9]) is defined. As u is a nondegenerate fixed point of Q it follows that I −Q^′(u) has trivial kernel and therefore the fixed point index of u is ±1. Let B_ε (u) be a ball in L_q

(R^N × (0, T )^) with center u and radius ε > 0 such that Q has no further

fixed point in B_ε (u). We prove now that if n is large v ≠ θQ(v) + (1 − θ)Q_n(v) whenever v ∈ ∂B_ε (u) and θ ∈ [0, 1]. If not there exist θ_n ∈ [0, 1] and u_n ∈ ∂B_ε (u) such that

(7.5) u_n = θ_nQ(u_n) + (1 − θ_n)Q_n(u_n)

It follows from Theorem 2.3 and 2.2 that ‖u_n‖_{Wn} is a bounded sequence. Therefore, by Lemma 2.1, u_n has a convergent subsequence in L_2

(R^N × (0, T )^), which we denote

again by u_n. Its limit we denote by v. By our assumptions on f we have that g_n(t) := F (t, u_n(t)) is a bounded sequence in L_p ( (0, T ), L_p ) . Hence, by Theorem 5.1 Q_n(u_n) = L^{−1}_n g_n and Q(u_n) = L^{−1}g_n are bounded sequences in L_{q1}

(R^N × (0, T )^) for some q1 > q.

Thus, by interpolation, u_n converges to v in L_q

(R^N × (0, T )^). By continuity of F this

implies that g_n converges to g := F (· , v(·)) in L_p

(R^N × (0, T )^). Now, Theorem 5.1

implies that lim_{n→∞} Q_n(u_n) = lim_{n→∞} Q(u_n) = Q(v)

in L_q

(R^N×(0, T )^). Selecting a further subsequence we can also assume that θn converges

to some θ in [0, 1]. But then, (7.5) implies that v = Q(v) which is a contradiction to the choice of ε. By the homotopy invariance of the Leray-Schauder degree (e.g. [9]) this implies that deg(I −Q_n, 0, B_ε (u)) = deg(I −Q, 0, B_ε (u)) for large n. As already mentioned deg(I −Q, 0, B_ε (u)) = ±1. Hence, Q_n has a fixed point u_n in B_ε (u). This shows the existence of periodic solutions to (6.17) for all n large enough. By construction it is clear that u_n is close to u in L_q

(R^N × (0, T )^). So by part one of the proof it is

unique. Set g_n, g similar as above. But as g_n is close to g in L_p

(R^N × (0, T )^) it follows

from Theorem 5.1 that u_n is close to u in C ( (0, T ), L_q ). As q large was chosen arbitrary, the assertion follows.

Assertion (b) follows from Theorem 5.3 by replacing A_n(t) by A_n(t) − ∂_3f(x, t, u_n) and taking into account the continuity properties of ∂_3f.

We now prove (c). Suppose that u_n is a sequence of T -periodic solutions of (6.17) with ‖u_n‖_∞ ≤ K. It is clear that F is bounded from L_∞

(R^N × (0, T )^) to Lp^(R^N × (0, T )^)

for all p ∈ [1, ∞]. Therefore, it follows from Theorem 2.2 that there exists a constant c such that‖u_n‖_{Wn} ≤ c for all n ∈ N. By Lemma 2.1 we can choose a subsequence u_{nk} converging to some v in L_2

(R^N × (0, T )^). By interpolation convergence takes place in L_q (R^N × (0, T )^) for all q ∈ [2, ∞). Choosing q large enough it follows from Theorem 5.2

and the continuity properties of F that lim_{k→∞} Q_{nk} (u_{nk} ) = Q(v) = v is a T -periodic solution of (6.1). As we can do this for every convergent subsequence this proves our claim. �

The idea of the proof of existence and uniqueness is essentially the same as that in [4] in case of the elliptic problem but we make consequent use of the approximation theorems for linear equations. The idea of the proof of the continuity of the spectrum of the linearizations is new and provides a much shorter proof also in case of elliptic equations.

7.2 Remark. (a) Continuity of the spectrum of the linearization together with the principle of linearized stability implies that stability or instability of the T -periodic solution u_n is preserved for n ∈ N large.

(b) One could go further and prove results on the existence of positive solutions in a neighborhood of a positive solution, or to prove results on bifurcation as is was done in [4] and [5] for the elliptic problem. �

In the next proposition we shall give conditions under which a periodic solution lies in L_∞

(R^N × (0, T )^). This result also enables us to establish existence results similar to

those in the above theorem under no growth conditions on the nonlinearity.

7.3 Proposition. Suppose that f satisfies (7.1) and u is a T -periodic solution of (6.1) in L_s ( (0, T ), L_q ) with (7.6) s > 2β, q > 2Nβ N + 2 and ( N 2q + 1 s ) (β − 1) < 1 .

Then, u ∈ L_∞

(R^N × (0, T )^). Moreover, the bound depends only on N, q, s, T , the

ellipticity constant of A(t), the norms of the coefficients of A, the constants c and β in (7.1) as well as an upper bound of |Ω| and the norm of u in L_s ( (0, T ), L_q ) Proof. Suppose that F is the substitution operator induced by f. Then, from (7.1) we easily see that for all u in L_q(Ω) and t ∈ [0, T ] ‖F (t, u)‖^q_β ≤ c ( |Ω| + ‖u‖^β_q ) . Therefore, using Lemma 4.1 we see that for q_1 > q satisfying

(7.7) N 2 ( β q − 1 q_1 ) + β s < 1 we have that

(7.8) ‖ ∫_t 0 U(t, τ )F (τ, u(τ )) dτ ‖_{q1} ≤ c_0t^{− N2 ( βq − 1q1 ) ss−β +1} for all u ∈ L_s ( (0, T ), L_q ) with c_0 depending only on f, s, q, β, the constant C in (4.5) and an upper bound for |Ω| and ‖u‖_{Ls((0,T ),Lq)}. Further, as we know that the spectrum of U(T, 0) as an operator on L_p is independent of p ∈ [0, ∞] (see proof of Theorem 5.1) ( I −U(T, 0) )_{−1} ∈ L(L_p) is well defined for all p ∈ [1, ∞]. By (4.5) and (2.23) we conclude that

(7.9) ‖ ( I −U(T, 0) )_{−1} ‖_{p,p} = ‖ I +U(T, 0) ( I −U(T, 0) )_{−1} ‖_{p,p} ≤ 1 + Ce^{−αT} T^{− N2 ( 12 − 1p )}

for all p ∈ [2, ∞]. Thus, from (7.8) and (7.9) we get that for any u ∈ L_s ( (0, T ), L_q )

(7.10) ‖ ( I −U(T, 0) )_{−1} ∫^T 0 U(t, τ )F (τ, u(τ )) dτ ‖_{q1} ≤ c_1T^{− N2 ( βq − 1q1 ) ss−β +1} holds whenever q_1 > q is such that (7.7) is satisfied, and c_1 depends on the same quantities as c_0. Recall that if u ∈ L_s ( (0, T ), L_q ) is a periodic solution of (6.1) then

u(0) = ( I −U(T, 0) )_{−1} ∫^T 0 u(t, τ )F (τ, u(τ )) dτ . Therefore, using (6.5), (7.8), (7.10) and Lemma 4.1 we see that there exists a constant c_3 > 0 depending on the same quantities as c_0 as well as s_1 > s, q_1 > q and T such that ‖u‖_{Ls1 ((0,T ),Lq1 )} ≤ c_3 whenever

(7.11) N 2 ( β q − 1 q_1 ) + β s − 1 s_1 < 1 holds. The assertion of the proposition follows if we can choose s_1 = q_1 = ∞. If this is not the case take η > 1 such that (7.11) is satisfied with s_1 = ηs and q_1 = ηq. This choice of η is possible because of (7.6). This proves that if u ∈ L_s ( (0, T ), L_q ) is a periodic solution of (6.1) then u ∈ L_{ηs} ( (0, T ), L_{ηq} ) . We repeat now the whole procedure with s, q replaced by ηs, ηq, respectively. By iteration we see that u ∈ L_ηk_s ( (0, T ), L_ηk_q ) for all k ∈ N. For some finite k we have that (7.11) holds for s_1 = q_1 = ∞ and s, q replaced by η^ks and η^kq, respectively. This completes the proof of the proposition. �

7.4 Remarks. (a) It is a consequence of the above proposition that the T -periodic solutions u_n in Theorem 7.1 form a bounded sequence in L_∞

(R^N × (0, T )^).

(b) In Theorem 7.1(c) we can replace the condition that ‖u_n‖_∞ ≤ K by the condition that ‖u_n‖_{Ls((0,T ),Lq)} ≤ K with s, q satisfying (7.6). Indeed, in this case the above proposition implies that u_n is a bounded sequence in L_∞.

(c) By (2.4) every weak solution of (6.1) lies in L_∞ ( (0, T ), L_2 ) . Hence, it follows from the above proposition that any T -periodic solution of (6.1) lies in L_∞

(R^N × (0, T )^)

whenever β < 1 + 4/N. However, it does not seem to be known whether this is true for a less restrictive growth condition on f. �

We prove now a result similar to that of Theorem 7.1 but without any growth condition on f.

7.5 Theorem. Suppose that f ∈ C^1

(R^N × [0, T ] × R^) and that u ∈ L∞^(R^N × (0, T )^)

is a nondegenerate T -periodic solution of (6.1). Then, apart from the uniqueness all the assertions of Theorem 7.1 hold.

Proof. To prove the assertion we use a truncation argument. Set f_M (x, t, ξ) := { f(x, t, ξ) if |ξ| ≤ M M if |ξ| ≥ M, where M > ‖u‖_∞ is determined later. Then, u obviously is a nondegenerate T -periodic solution of (6.1) with f replaced by f_M . According to Theorem 7.1 and Remark 7.4(a) there exists a solution u_n ∈ L_∞

(R^N × (0, T )^) of (6.17) with f replaced by fM if n is

large enough. Our claim follows if we can show that ‖u_n‖_∞ ≤ M. As a consequence of Proposition 7.3 there exists an increasing function c : R → R independent of n ∈ N and M > ‖u‖_∞ such that

(7.12) ‖u_n‖_∞ ≤ c ( ‖u_n‖_{C([0,T ],Lq )} )

if q is large enough. Let us choose M := c(‖u‖_{C([0,T ],Lq)} + 1). Theorem 7.1 tells us that u_n is close to u in C ( [0, T ], L_q ) which implies that ‖u_n‖_{C([0,T ],Lq)} ≤ ‖u‖_{C([0,T ],Lq)} + 1 holds for all n large enough. Thus it follows from (7.12) that ‖u_n‖_∞ ≤ M for n large enough. This accomplishes the proof of the theorem. �

7.6 Remarks. (a) According to Remark 7.4(b) the T -periodic solutions u_n whose existence was shown in Theorem 7.1 and 7.5 form a bounded sequence in L_∞. Therefore, a similar argument as in Remark 4.6(a) together with periodicity shows that the u_n converge uniformly on sets of the form Ω^′ × [0, T ] with Ω^′ ⊂⊂ Ω \ K_0. Moreover, if Ω, Ω_n satisfy the regularity condition of Remark 4.6(b) uniformly with respect to n ∈ N the convergence of u_n is uniform on R^N × [0, T ].

(b) The u_n of Theorem 7.5 are unique among those T -periodic solutions close to u which are uniformly bounded with respect to n ∈ N and uniformly (or merely pointwise) convergent on sets of the form Ω^′ × [0, T ] with Ω^′ as above. Indeed, using the uniform boundedness and a truncation argument as in the proof of Theorem 7.6 we can apply the uniqueness result from Theorem 7.1(a). �

References

[1] H. Amann, Linear and Quasilinear Parabolic Problems: I. Abstract Linear Theory, Birkhäuser, Basel (to appear).

[2] J. Appell and P.P. Zabrejko, Nonlinear Superposition Operators, Cambridge University Press, Cambridge, 1990.

[3] D.G. Aronson, Non-negative solutions of linear parabolic equations, Ann. Scuola Norm. Sup. Pisa 22 (1968), 607–694.

[4] E.N. Dancer, The effect of domain shape on the number of positive solutions of certain nonlinear equations, J. Diff. Equations 74 (1988), 120–156.

[5] E.N. Dancer, The effect of domain shape on the number of positive solutions of certain nonlinear equations, II, J. Diff. Equations 87 (1990), 316–339.

[6] E.N. Dancer, Some remarks on classical problems and fine properties of Sobolev spaces, Preprint. [7] D. Daners and P. Koch Medina, Abstract evolution equations, periodic problems and applications, Pitman Research Notes in Mathematics Series 279, Longman Scientific & Technical, Harlow, Essex, 1992.

[8] R. Dautray and J.L. Lions, Mathematical Analysis and Numerical Methods for Science and Technology, vol. 5, Springer, Berlin, 1992.

[9] K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, 1985.

[10] N. Dunford and J.T. Schwartz, Linear Operators. Part I: General Theory, Interscience, New York, 1963.

[11] J. Hale and J. Vegas, A nonlinear parabolic equation with varying domain, Arch. Rat. Mech. Anal.

86 (1984), 99–123.

[12] D. Henry, Geometric theory of semilinear parabolic equations, LNM 840, Springer, Berlin, 1981. [13] T. Kato, Perturbation Theory for Linear Operators, Springer, Berlin, 1966. [14] M.A. Krasnosel’skiĭ, Topological Methods in the Theory of Nonlinear Integral Equations, Pergamon Press, Oxford, 1964.

[15] J.L. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod, Paris, 1969.

[16] J.L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, vol. I, Springer, Berlin, 1972.

[17] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Springer, New York, 1983.

[18] J. Rauch and M. Taylor, Potential and scattering theory in wildly perturbed domains, J. Funct.

Anal. 18 (1975), 27–59.

[19] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North Holland, Amsterdam, 1978.