RATIONAL REGULAR NILPOTENT ELEMENTS OF A REDUCTIVE LIE ALGEBRA

DAVID G. A. JACKSON

Abstract. The aim of this paper is give an exposition of some of the main properties of regular nilpotent elements of the Lie algebra of a reductive algebraic group (with not necessarily connected centre) defined over a finite field. The approach presented here will be similar to that of Steinberg [10] and Digne & Michel [4] for regular unipotent elements.

1. Introduction and Notation

We will assume the reader is familiar with the basic theory of linear algebraic groups. Most of what is needed here can be found in Borel [1] or Borel & Tits [2]. Throughout this paper G will denote a connected reductive algebraic group defined over the finite field F_q with corresponding Frobenius endomorphism F : G → G. We will suppose here that G is F -split. We will in general denote Lie algebras by lower case gothic letters (so, for example, g = Lie(G)). We get an induced action of Frobenius on g, which we shall also denote by F . Given an F -stable Borel subgroup B and an F -stable Levi decomposition B = T U we will let Φ be the root system of G with respect to T and Π the system of simple roots determined by the pair T ⊆ B. Let the root subgroup (resp. root subspace) corresponding to root α be denoted by X_α (resp. g_α). Let U^′ = ∏ α∈Φ+_{−Π} Xα and Z be the centre of G. We will repeatedly use the fact that ∩_{α∈Π} ker α = Z (cf. Digne & Michel [4, 0.35]). Let W = N_G(T )/T be the Weyl group of G with respect to T . We will denote by s_β the reflection in root β and by ẇ a representative in N_G(T ) of w ∈ W .

2. Some Preparatory Lemmas

Lemma 1. Let B, T , U and U^′ be as above. The derived group of U is U^′ and (i) If u ∈ U, Y ∈ u then Ad u(Y ) − Y ∈ u^′. (ii) If g ∈ B, Y ∈ u then Ad g(Y ) ∈ u. (iii) If g ∈ B, Y^′ ∈ u^′ then Ad g(Y^′) ∈ u^′. (iv) If g ∈ B, Y ∈ b then Ad g(Y ) − Y ∈ u.

Proof. The first statement is Digne & Michel [4, 14.17]. For (i), the map v → uvu^{−1}v^{−1} sends U to U^′. According to Humphreys [5, 10.1(c)], its differential is Y → Ad u(Y )− 1

Y and sends u to u^′. In a similar fashion, if g ∈ B, differentiation of the map U → U given by x → gxg^{−1} shows that Ad g(Y ) ∈ u proving (ii). If t ∈ T then differentiating the map U^′ → U^′ given by x → txt^{−1} shows that Ad t(Y^′) ∈ u^′. Now let u ∈ U. Since Y^′ ∈ u, if follows from (i) that Ad u(Y^′)−Y^′ ∈ u^′ and hence Ad u(Y^′) ∈ u^′. Statement (iii) then follows since B = T U. The last statement follows by differentiating the map b → gbg^{−1}b^{−1} from B to U. Lemma 2. If B is a Borel subgroup of G then B = {g ∈ G | Ad g(b) = b}.

Proof. Clearly B ⊆ {g ∈ G | Ad g(b) = b}. Conversely, suppose that Ad g(b) = b. Let T be any maximal torus in B and let Π be the simple system of roots determined by the pair T ⊆ B. For α ∈ Π let Y_α be a non-zero element of g_α. Then Ad g( ∑ α∈Π Y_α) ∈ b and hence g ∈ B by Borel [1, 14.23].

The proofs of the following two results are based on Digne & Michel [4, 14.2, 14.4].

Proposition 3 (Springer [8, Remark following 5.6]). If G is a linear algebraic group then dim C_G(Y ) > rk(G) for any element Y ∈ g.

Proof. By Borel [1, 14.25], Y is contained in b = Lie(B) for some Borel subgroup B of G. Let U be its unipotent radical. By Lemma 1, Ad B(Y ) ⊆ Y + u and hence dim Ad B(Y ) 6 dim U = dim B − rk(G). But dim Ad B(Y ) = dim B − dim C_B (Y ) and hence dim C_B(Y ) > rk(G). A fortiori, we must have dim C_G(Y ) > rk(G).

Definition. An element Y ∈ g is regular in g if dim C_G(Y ) = rk(G).

Note. In the case of the group, one can show the existence of regular elements by finding t ∈ T such that C_G(t) = T (cf. Digne & Michel [4, 14.2(ii)]). The corresponding result for the Lie algebra is not true however. For example, take sl_2 over a field of characteristic 2. Every semisimple element is then central. We will prove the existence of regular elements of the Lie algebra in Theorem 5.

Proposition 4 (cf. Steinberg [10, 3.7]). Let Y = Y_s +Y_n be the Jordan decomposition of an element of g. Then Y is regular in g if and only if Y_n is regular in C_g(Y_s).

Proof. By Humphreys [5, 4.2 Proposition (b)] we have C_G(Y ) = C_G(Y_s) ∩ C_G(Y_n), and hence dim C_G(Y ) = dim C_{CG(Ys)}(Y_n). Now let T be a maximal torus of G whose Lie algebra contains Y_s. Then T ⊆ C_G(Y_s) and hence rk(G) = rk(C_G(Y_s)). Since C_g(Y_s) = Lie C_G(Y_s) (cf. Borel [1, 9.1]), the result follows according to the definition of regular applied to the group C_G(Y_s).

3. The main theorem on regular nilpotent elements

Theorem 5 (cf. Steinberg [10, 3.2, 3.3], Digne & Michel [4, 14.14]). Let G be a connected reductive group. Then regular nilpotent elements exist and any two regular nilpotent elements are conjugate under Ad G. Let Y be a nilpotent element of g. The following properties are equivalent: (i) Y is regular.

(ii) There are only a finite number of Borel subalgebras containing Y . (iii) There is only one Borel subalgebra containing Y .

(iv) There exists a Borel subalgebra b = Lie B containing Y and a maximal torus T of B such that in the decomposition Y = ∑ α∈Φ+ Yα where α runs over the positive roots relative to the pair T ⊂ B and Y_α ∈ g_α, none of the Y_α for α simple is equal to zero.

(v) Property (iv) is true for any Borel subalgebra b = Lie B containing Y and any maximal torus of B.

Proof. We will first show that the statements (i)-(v) are equivalent. In the course of this the first assertion will be proved.

(iv) =⇒ (iii). Let B^′ be a second Borel subgroup such that Y ∈ b^′ = Lie(B^′). By the conjugacy theorem for Borel subgroups (cf. Borel [1, 11.1]) and the Bruhat decomposition, B^′ = uẇBẇ^{−1}u^{−1} for some w ∈ W , u ∈ U_w�1. Then b contains Ad(ẇ^{−1}u^{−1})(Y ). According to Lemma 1, Ad u^{−1}(Y ) − Y ∈ u^′ and hence Ad u^{−1}(Y ) = ∑ α∈Φ+ Yα where Y_α ∈ g_α and Y_α ≠ 0 for α ∈ Π. Since Ad ẇ^{−1}(Ad u^{−1}(Y )) ∈ b we must have wα > 0 for every α ∈ Π and hence w = 1. Thus B^′ = B and (iii) holds.

(ii) =⇒ (v). Suppose (v) is false; that is, for some Borel subgroup B whose Lie algebra contains Y and some maximal torus T of B, Y = ∑ α∈Φ+ Yα with Yα ∈ gα and Yβ = 0 for some β ∈ Π. Then for any u ∈ X_β , Ad u^{−1}(Y ) − Y ∈ u^′ by Lemma 1 and hence Ad u^{−1}(Y ) = ∑ α∈Φ+ Y^′_α with Y^′_α ∈ gα and Y^′_β = 0. Hence Ad ṡ^{−1}_β u^{−1}(Y ) ∈ b since the only positive root made negative by s_β is β, and hence Y ∈ Ad(uṡ_β)(b) for any u ∈ X_β . These Borel subalgebras are distinct. For if Ad ṡ_β(b) = Ad(uṡ_β )(b) for some u ∈ X_β then by applying Lemma 2 in the case of the Borel subalgebra Ad ṡ_β(b) = Lie(^{ṡβ} B) we see that u ∈^{ṡβ} B ∩ X_β =^{ṡβ} (B ∩^{ṡβ} X_β ) =^{ṡβ} (B ∩ X_{−β} ) and hence u = 1. Thus the Borel subalgebras Ad(uṡ_β)(b) for u ∈ X_β constitute an infinite number of Borel subalgebras containing Y , contradicting (ii). (iii) =⇒ (ii). This implication follows trivially.

(v) =⇒ (iv). According to Borel [1, 14.25], each nilpotent element of g lies in some Borel subalgebra. The implication immediately follows. We have thus proved the equivalence of (ii), (iii), (iv) and (v).

(i) =⇒ (v). Let Y be a regular nilpotent element. Let Y ∈ b for some Borel subalgebra b = Lie(B). Let T be a maximal torus of B and let Y = ∑ α∈Φ+ Yα where the sum is over positive roots relative to T ⊂ B and Y_α ∈ g_α. Suppose that Y_β = 0 for some β ∈ Π. Then Y ∈ p = Lie(P ) where P is the parabolic subgroup B ∪ Bṡ_βB. We first show that if g ∈ P then Ad g(Y ) = ∑ α∈Φ+ Y^′_α with Y^′_α ∈ gα and Y^′_β = 0.

First suppose that g ∈ B. Write g = tu with t ∈ T , u ∈ U. Then Ad u(Y ) − Y ∈ u^′ and hence Ad g(Y ) = Ad t Ad u(Y ) = ∑ α∈Φ+ Y^′_α for some Y^′_α ∈ gα with Y^′_β = 0.

Since Y_β = 0 and the only positive root made negative by s_β is β, if g = ṡ_β then Ad ṡ_b(Y ) = ∑ α∈Φ+ Y^′_α for some Y^′_α ∈ gα with Y^′_β = 0. Hence the Ad P -orbit of Y contains only elements of U of the form ∑ α∈Φ+ Y^′_α with Y^′_α ∈^gα and Y^′_β = 0 and thus dim Ad P (Y ) 6 dim(U) − 1. As dim P = dim U + dim T + 1,

dim C_P (Y ) = dim P − dim Ad P (Y )

> dim P − (dim U − 1)

= dim U + dim T + 1 − dim U + 1 = dim T + 2 = rk(G) + 2,

a contradiction, as then rk(G) = dim C_G(Y ) > rk(G) + 2.

(iv) =⇒ (i) and proof of the initial assertion. We now show that if Y is a regular nilpotent element of g and Y^′ satisfies (iv) then Y and Y^′ are conjugate under Ad G. Since regular nilpotent elements exist (cf. Springer [8, 5.9(b)] and Keny [7]), this will show that any element Y^′ of g satisfying (iv) is regular and hence satisfies condition (i). Note that if Y and Y^′ are any two regular nilpotent elements of g then this will also show that they are conjugate (since we have shown that Y^′ satisfies condition (iv)), thus proving the initial assertion. Replacing Y by an Ad G conjugate we may assume Y ∈ u. We have shown that Y satisfies (v) and hence, according to Humphreys [6, 16.2(C)] and Digne & Michel [4, 0.31(i)], we may replace Y^′ by an Ad T conjugate in such a way that if Y = ∑ α∈Φ+ Yα and Y^′ = ∑ α∈Φ+ Y^′_α with Yα, Y^′_α ∈ gα then Y_α = Y^′_α for α ∈ Π. Thus Y^′ − Y ∈ u^′. As the orbits of a unipotent affine group acting on a variety are closed (cf. Borel [1, 4.10]), the set {Ad u(Y ) | u ∈ U} is a closed subvariety of u and hence {Ad u(Y ) − Y | u ∈ U} is also a closed subvariety of u. Since Ad u(Y ) − Y ∈ u^′ for all u ∈ U and u^′ is a closed subvariety of u, this implies that {Ad u(Y ) − Y | u ∈ U} is a closed subvariety of u^′. Its codimension in u is dim C_U (Y ). We will show that this equals the codimension of u^′ so that u′ = {Ad u(Y ) − Y | u ∈ U}. For the codimension of u^′ is the semisimple rank of G, equal to rk(G) − dim Z. But, by the following lemma, C_G(Y ) = Z · C_U (Y ) and hence rk(G) − dim Z = dim C_G(Y ) − dim Z = dim C_U (Y ). Hence there exists a u ∈ U such that Ad u(Y ) − Y = Y^′ − Y . Hence Ad u(Y ) = Y^′ and Y is Ad G-conjugate to Y^′.

Lemma 6 (cf. Springer [8, 5.9(b)], Springer & Steinberg [9, III, 3.7(a)]). Let Y be a regular nilpotent element of g and let U be the unipotent radical of the unique Borel subgroup B whose Lie algebra contains Y . Then C_G(Y ) = Z · C_U (Y ) as a direct product.

Proof. If Ad g(Y ) = Y then, since (i) implies (iii) in Theorem 5, we have Ad g(b) = b and hence g ∈ B by Lemma 2. Thus g ∈ C_B(Y ). Since C_B(Y ) is a linear algebraic group (being a closed subgroup of B), the Jordan decomposition of g in G is of the form g = tv where t, v ∈ C_B(Y ), t semisimple and v unipotent. Being unipotent, v must lie in U and hence in C_U (Y ). By property (v), if T is a maximal torus of B containing t and Π is the set of simple roots with respect to T ⊂ B then α(t) = 1 for all α ∈ Π and hence t ∈ Z. The result follows.

4. Rational conjugacy of regular nilpotent elements

Proposition 7 (cf. Springer & Steinberg [9, III, 1.19(b)]). The regular nilpotent Ad G^F -orbits of g^F are parametrized by H^1(F, Z/Z^∘), the set of F -conjugacy classes in Z/Z^∘.

Proof. By Theorem 5, all the regular nilpotent elements of g are conjugate under Ad G. Hence, according to Digne & Michel [4, 3.21], the Ad G^F -orbits of regular nilpotent elements in g^F are parametrized by H^1(F, A(Y )) where Y is any rational regular nilpotent element and A(Y ) = C_G(Y )/C_G(Y )^∘. But according to Lemma 6, C_G(Y ) = Z · C_U (Y ). By Springer & Steinberg [9, III, 3.7(b)] and Keny [7, p. 197, line 8], C_U (Y ) is connected regardless of the characteristic and hence C_G(Y )/C_G(Y )^∘ ∼= Z/Z^∘. Thus H^1(F, A(Y )) ∼= H^1(F, Z/Z^∘) giving the result.

Lemma 8. Let A be a finite abelian group. If F is an automorphism of A then |H^1(F, A)| = |A^F |. Proof. Since A is abelian, if L : A → A is the map x → x^{−1}F (x) then two elements of A are F -conjugate if and only if they represent the same coset in A/L(A). Also, as the kernel of L is A^F , L(A) ∼= A/A^F . Since A is finite we find that |H^1(F, A)| = |A/L(A)| = |A|/|A/A^F | = |A^F |. Corollary 9. We have |H^1(F, Z)| = |Z^F |/|Z^{∘F} |

Proof. We have |H^1(F, Z)| = |H^1(F, Z/Z^∘)| by Springer & Steinberg [9, I, 2.6]. Then by the above lemma, |H^1(F, Z/Z^∘)| = |(Z/Z^∘)^F |. This last quantity equals the desired result by Digne & Michel [4, 3.13] since Z^∘ is connected.

It is possible to be more precise with the parametrization of the rational regular nilpotent orbits. For this we need to extend the definition of the map L as follows.

Definition (cf. Digne, Lehrer & Michel [3, 1.1]). If H is any F -stable algebraic subgroup of G, the Lang map L_H : H → H is defined by L_H (h) = h^{−1}F (h). If H = G then we will write L for L_G.

Lemma 10 (Digne, Lehrer & Michel [3, 1.3]). Let H be an F -stable connected closed subgroup of G such that H ⊇ Z. Then H^1(F, Z) and L^{−1}_H (Z) are groups, ZH^F is a normal subgroup of L^{−1}_H (Z) and H^1(F, Z) ∼= L^{−1}_H (Z)/ZH^F .

Proof. It is instructive to present a proof which does not explicitly use the methods of Galois cohomology.

First we need to show that H^1(F, Z) and L^{−1}_H (Z) are groups. If z_1, z_2, a, b ∈ Z then z^{−1}_1 aF (z_1)z^{−1}_2 bF (z_2) = z^{−1}(ab)F (z) where z = z_1z_2 and hence F -conjugacy classes of Z multiply, showing that H^1(F, Z) is a group. If a, b ∈ L^{−1}_H (Z) then L_H (ab^{−1}) = ba^{−1}F (a)F (b^{−1}) = a^{−1}F (a)bF (b^{−1}) ∈ Z and hence L^{−1}_H (Z) is a group. We must now show that ZH^F E L^{−1}_H (Z). If g ∈ L^{−1}_H (Z), z ∈ Z and h ∈ H^F then gzhg^{−1} = zghg^{−1} and F (ghg^{−1}) = F (g)hF (g)^{−1} = gg^{−1}F (g)h(g^{−1}F (g))^{−1}g^{−1} = ghg^{−1}

since g^{−1}F (g) ∈ Z. Hence ghg^{−1} ∈ H^F and ZH^F E L^{−1}_H (Z).

Define α : L^{−1}_H (Z) → H^1(F, Z) by sending h ∈ L^{−1}_H (Z) to the F -conjugacy class of L_H (h) in Z. We first show that α is surjective. Let z ∈ Z. Since H is connected and z ∈ H, by the Lang-Steinberg Theorem (cf. Springer-Steinberg [9, I, 2.2]) there exists h ∈ H such that L_H (h) = z. Then α(h) is the class represented by z. Now h ∈ L^{−1}_H (Z) lies in ker α if and only if h^{−1}F (h) = a^{−1}F (a) for some a ∈ Z, which occurs if and only if ha^{−1} ∈ H^F for some a ∈ Z, that is, if and only if h ∈ ZH^F . Thus ker α = ZH^F and α induces an isomorphism L^{−1}_H (Z)/ZH^F ∼= H^1(F, Z).

Lemma 11 (cf. Steinberg [11, 10.10]). Let b_1 and b_2 be two F -stable Borel subalgebras of G. Then b_1 and b_2 are conjugate under Ad G^F .

Proof. Let b_i = Lie(B_i). Then there exists g ∈ G such that B_2 =^gB_1 and hence b2 = Ad g(b_1). Since b_2 is F -stable, Ad(g^{−1}F (g))(b_1) = b_1 and hence g^{−1}F (g) ∈ B_1 by Lemma 2. By the Lang-Steinberg Theorem (cf. Springer-Steinberg [9, I, 2.2]) there exists h ∈ B_1 such that g^{−1}F (g) = h^{−1}F (h). Then gh^{−1} ∈ G^F and b_2 = Ad(gh^{−1})(b_1).

Theorem 12 (cf. Digne, Lehrer & Michel [3, 3.2]). Let G be a connected reductive group. Fix an F -stable Borel subgroup B of G with unipotent radical U and an F - stable maximal torus T of B. Let L_T : T → T be the map t → t^{−1}F (t) and let H^1(F, Z) be the set of F -conjugacy classes in Z = Z. For each z ∈ H^1(F, Z), let t_z ∈ T be such that t^{−1}_z F (t_z) lies in z. Define

uz = {Ad g(Ad t_z (Y_0) + Y^′) | g ∈ G^F , Y^′ ∈ u^{′F} }

where Y_0 is a fixed rational regular nilpotent element. Then the following hold:

(i) The sets u_z for z ∈ H^1(F, Z) are disjoint.

(ii) The set of regular nilpotent elements of g^F is the union of the u_z . (iii) u_z = Ad t_z (u_1) and hence each u_z has the same cardinality. (iv) The u_z are precisely the regular nilpotent orbits in g^F .

Proof. Note that t_z is a representative of z in L^{−1}_T (Z) according to the isomorphism H^1(F, Z) ∼= L^{−1}_T (Z)/ZT^F of Lemma 10. Also note that the sets u_z are well-defined. For suppose that t_z and t^′_z ∈ L^{−1}_T (Z) both represent z ∈ H^1(F, Z). Then t^′_z = t_zah for some a ∈ Z, h ∈ T^F and

Ad t^′_z (Y_0) + Y^′ = Ad ah(Ad t_z(Y_0) + Ad(ah)^{−1}(Y^′)) = Ad h(Ad t_z (Y_0) + Ad h^{−1}(Y^′))

since Ad a(Y ) = Y for a ∈ Z, Y ∈ g. Since Ad h^{−1}(Y^′) ∈ u^{′F} and h ∈ G^F it follows that the definition of u_z does not depend on the choice of representative for z in L^{−1}_T (Z).

(i) Suppose that u_z ∩ u_z0 ≠ ∅. Then

Ad t_z (Y_0) + Y^′ = Ad g(Ad t_z0(Y_0) + Y^{′′})

for some g ∈ G^F , Y^′, Y^{′′} ∈ u^{′F} . Now Ad t_z (Y_0) + Y^′ ∈ b and Ad t_z0(Y_0) + Y^{′′} ∈ b. By Theorem 5, Ad t_z0(Y_0) + Y^{′′} is regular and hence b = Ad g(b) and consequently, by Lemma 2, g ∈ B^F . Write g = su with s ∈ T^F , u ∈ U^F . Since Ad g(Y^{′′}) ∈ u^{′F} (by Lemma 1), we see that

Ad(s^{−1}t_z )(Y_0) ≡ Ad(ut_z0)(Y_0) mod u^{′F} .

But ut_z0 = t_z0t^{−1}_z0 ut_z0 and

Ad(ut_z0)(Y_0) = Ad t_z0(Ad(t^{−1}_z0 ut_z0)(Y_0)) = Ad t_z0(Y_0 + Ad(t^{−1}_z0 ut_z0)(Y_0) − Y_0) ≡ Ad t_z0(Y_0) mod u^{′F}

since t^{−1}_z0 ut_z0 ∈ U and hence, by Lemma 1, Ad(t^{−1}_z0 ut_z0)(Y_0) − Y_0 ∈ u^′. Thus

Ad(s^{−1}t_z)(Y_0) ≡ Ad t_z0(Y_0) mod u^{′F}

which implies that

Ad(t^{−1}_z0 s^{−1}t_z )(Y_0) ≡ Y_0 mod u^{′F} .

Since Y_0 is regular and t^{−1}_z0 s^{−1}t_z ∈ T this implies that α(t^{−1}_z0 s^{−1}t_z ) = 1 for all α ∈ Π and hence that t^{−1}_z0 s^{−1}t_z ∈ Z. Since T is abelian, we see that t_z0ZT^F = t_z ZT^F and hence z = z^′.

(ii) By Theorem 5, every regular nilpotent element Y of g^F lies in some Borel subalgebra b_1 of G. Since Y is rational and regular b_1 = F (b_1). Thus, by Lemma 11, there exists g ∈ G^F such that Ad g(b_1) = b and hence Ad g(Y ) ∈ b^F . Since Y is nilpotent, this implies that Ad g(Y ) ∈ u^F (cf. Borel [1, 10.6(4)]) and we may assume that Y ∈ u^F . Let T be any rational maximal torus contained in B and let Φ and Π be defined as usual. Now write Y = ∑ α∈Φ+ Yα where Yα ∈ gα. Then Y is regular if and only if Y_α ≠ 0 for all α ∈ Π. Thus, by Humphreys [6, 16.2(C)], there exists a t ∈ T such that Ad t(Y_0) ≡ Y mod u^′. Since Y is rational we see that Ad t(Y_0) ≡ Ad F (t)(Y_0) mod u^′ and hence that Ad(t^{−1}F (t))(Y_0) ≡ Y_0 mod u^′. But this implies that α(t^{−1}F (t)) = 1 for all α ∈ Π and hence that t^{−1}F (t) ∈ Z and t ∈ L^{−1}_T (Z). Thus Y ∈ u_z for some z ∈ H^1(F, Z).

(iii) Since t^{−1}_z F (t_z) ∈ Z, Ad(t^{−1}_z F (t_z))(Y^′) = Y^′ for Y^′ ∈ u^′ and thus Y^′ ∈ u^{′F} if and only if Ad t_z (Y^′) ∈ u^{′F} . Hence

uz = {Ad g(Ad t_z(Y_0) + Y^′) | g ∈ G^F , Y^′ ∈ u^{′F} } = {Ad g(Ad t_z(Y_0 + Y^′)) | g ∈ G^F , Y^′ ∈ u^{′F} } = {Ad t_z Ad(t^{−1}_z gt_z)(Y_0 + Y^′) | g ∈ G^F , Y^′ ∈ u^{′F} }.

Since t_z ∈ L^{−1}_T (Z), t^{−1}_z F (t_z) ∈ Z and hence t^{−1}_z gt_z ∈ G^F if and only if g ∈ G^F . Thus

uz = {Ad t_z (Ad g(Y_0 + Y^′)) | g ∈ G^F , Y^′ ∈ u^{′F} } = Ad t_z (u_1).

(iv) From Proposition 7 we know that there are |H^1(F, Z)| regular nilpotent Ad G^F - orbits on g^F . On the other hand, by definition, each of the u_z is a union of Ad G^F - orbits. Since there are also |H^1(F, Z)| distinct sets u_z , these must be precisely the regular nilpotent Ad G^F -orbits.

Note. This result is valid for all characteristics. The corresponding result for regular unipotent elements (Digne, Lehrer & Michel [3, 3.2]), however, is only true for good characteristic.

Lemma 13 (cf. Digne & Michel [4, 14.23]). The number of regular nilpotent elements of g^F is |G^F | |Z^{∘F} |q^l where l is the semi-simple rank of G.

Proof. According to Theorem 5, if Y is regular nilpotent then it is contained in a unique Borel subalgebra and hence the number of rational regular nilpotent elements is equal to the product of the number of rational Borel subalgebras (which, by Lemma 2 and the conjugacy of Borel subgroups, is |G^F /B^F | for any rational Borel subgroup B) and the number of such elements in a given rational Borel subalgebra. By Borel [1, 10.6(4)] and Theorem 5, if B = T U is any F -stable Levi decomposition with Φ and Π defined as usual then, writing

b = Lie T ⊕ ⨁ α∈Φ+ gα, we see that Y is regular nilpotent in b if and only if Y ∈ u and the g_α components are nonzero for α a simple root. Hence the number of regular nilpotents in b^F is |u^{′F} | times the number of elements of u^F /u^{′F} for which every component is nontrivial in the decomposition u/u^′ ∼= ⨁ α∈Π gα. We shall call such elements regular also. By

Humphreys [6, 16.2(C)] T acts transitively on the set of regular elements of u/u^′ and by Digne & Michel [4, 0.35] the stabilizer of any given regular element is Z. Hence, according to Digne & Michel [4, 3.21], the number of T^F -orbits of rational regular elements of u^F /u^{′F} is |H^1(F, Z)|. In each orbit however there are |T^F /Z^F | elements. Hence the number of regular nilpotent elements in g^F is |G^F | |B^F | · |u^{′F} | · |H^1(F, Z)| · |T^F | |Z^F | .

Now |B^F | = |T^F ||U^F |, |u^F /u^{′F} | = q^l and according to Corollary 9, |H^1(F, Z)| = |Z^F | |Z^{∘F} | . Substituting these values in gives the desired number.

Corollary 14. If Y ∈ g^F is regular nilpotent then |C_GF (Y )| = q^l|Z^{∘F} ||H^1(F, Z)| = q^l|Z^F |. Proof. According to Theorem 12, the regular nilpotent Ad G^F -orbits are the sets u_z where z ∈ H^1(F, Z) and they have the same cardinality. Hence each regular nilpotent Ad G^F -orbit has size |G^F |/(q^l|Z^{∘F} ||H^1(F, Z)|). This gives the first equality. The second equality follows from Corollary 9.

References

[1] Armand Borel. Linear Algebraic Groups. Number 126 in Graduate Texts in Mathematics.

Springer-Verlag, New-York, second enlarged edition, 1991.

[2] Armand Borel and Jacques Tits. Groupes réductifs. Inst. Hautes Études Sci. Publ. Math., 27:55– 152, 1965.

[3] F. Digne, G. I. Lehrer, and J. Michel. The characters of the group of rational points of a reductive group with non-connected centre. J. reine angew. Math., 425:155–192, 1992.

[4] François Digne and Jean Michel. Representations of Finite Groups of Lie Type. Number 21 in London Mathematical Society Student Texts. Cambridge University Press, Cambridge, 1991.

[5] James E. Humphreys. Introduction to Lie Algebras and Representation Theory. Number 9 in Graduate Texts in Mathematics. Springer-Verlag, New York, 1972.

[6] James E. Humphreys. Linear Algebraic Groups. Number 21 in Graduate Texts in Mathematics.

Springer-Verlag, New York, 1981.

[7] Sharad V. Keny. Existence of regular nilpotent elements in the Lie algebra of a simple algebraic group in bad characteristics. J. Algebra, 108:195–201, 1987.

[8] T. A. Springer. Some arithmetical results of semi-simple Lie algebras. Inst. Hautes Études Sci.

Publ. Math., 30:115–141, 1966.

[9] T. A. Springer and R. Steinberg. Conjugacy classes. In Seminar on Algebraic Groups and Related Finite Groups, number 131 in Lecture Notes in Mathematics, part E, pages 167–266. Springer- Verlag, Berlin-Heidelberg, 1986. Second Corrected Printing.

[10] Robert Steinberg. Regular elements of semisimple algebraic groups. Inst. Hautes Études Sci.

Publ. Math., 25:49–80, 1965.

[11] Robert Steinberg. Endomorphisms of linear algebraic groups. Mem. Amer. Math. Soc., 80, 1968.

School of Mathematics and Statistics University of Sydney Australia 2006